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ADJOINT ERROR ESTIMATION FOR LINEAR ADVECTION

J. M. CONNORS, J. W. BANKS, J. A. HITTINGER, AND C. S. WOODWARD

Abstract. An a posteriori error formula is described when a statistical mea-
surement of the solution to a hyperbolic conservation law in 1D is estimated
by finite volume approximations. This is accomplished using adjoint error
estimation. In contrast to previously studied methods, the adjoint problem
is divorced from the finite volume method used to approximate the forward
solution variables. An exact error formula and computable error estimate are
derived based on an abstractly defined approximation of the adjoint solution.
This framework allows the error to be computed to an arbitrary accuracy given
a sufficiently well resolved approximation of the adjoint solution. The accuracy
of the computable error estimate provably satisfies an a priori error bound for
sufficiently smooth solutions of the forward and adjoint problems. The theory
does not currently account for discontinuities. Computational examples are
provided that show support of the theory for smooth solutions. The applica-
tion to problems with discontinuities is also investigated computationally.
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1. Introduction

The problem is to calculate directly the error in an estimate of M(u), where
u = u(x, t) solves

∂tu+ ∂xf(u) = F (x, t), (x, t) ∈ ΩT(1.1)
u(x, 0) = u0(x), x ∈ Ω = (xL, xR),(1.2)

with periodic boundary conditions in space, andM(u) is a quantity of interest. Here
ΩT = Ω× (0, T ]. The quantity of interest is typically some statistical measurement
of the solution. We assume the quantity of interest may be expressed in one of
these two forms:

M(u) =
∫

ΩT

ψ(x, t)u(x, t) dx dt(1.3)

or M(u) =
∫

Ω

ψ(x)u(x, T ) dx.(1.4)

These functionals are considered to be linear with respect to u for simplicity. The
theory in this report can be extended easily to the nonlinear case following the
standard approach outlined in (e.g.) [6]. A computational example using a nonlinear
quantity of interest (solution energy) is also provided in Section 4. The theory will
be restricted to the case that ψ is smooth. This requires some lieniency in defining
a quantity of interest. An example is the average over a subset S ⊂ ΩT , for which
the data ψ would be

ψ(x, t) =
1
|S|

χS(x, t).

The function χS is the characteristic function for the set S. Instead, one could
simply replace the characteristic function with something that smoothly transitions
between 0 and 1 near the boundary of S and choose to study the error in that
quantity of interest. Similarly, instead of solution value at a point, one could study
a weighted average over a small region centered at the point of interest. In Section 4
computational examples are provided in the case that ψ is not smooth, for reference.

It is assumed that a finite volume method has been applied to estimate the
solution of (1.1)-(1.2), yielding a data set denoted by v. The quantity of interest is
then estimated in two steps:

(1) Define a pointwise reconstruction ũ from the finite volume data set v.
(2) Calculate M(ũ); this is the approximation of M(u).

In practice, no method exists to calculate the error M(u)−M(ũ) exactly, since
the true solution is not known. There are a number of techniques for estimating
the error, (see e.g. [19, 20]), one of which is adjoint error estimation. This tech-
nique requires deriving an auxiliary (adjoint) problem for the error in the quantity
of interest. If the solution of the adjoint problem were known exactly, the error
in the quantity of interest could be estimated to almost machine precision. The
theory has been well developed using a variety of numerical methods for elliptic
and parabolic problems, e.g. [10, 18]. Numerous numerical studies exist for appli-
cation to hyperbolic conservation laws, e.g. [3–7, 11, 13, 15–17, 22]. However, there
are still few rigorous theoretical results in the context of hyperbolic conservation
laws (mainly [18]), and none known to the authors that address shock problems
estimated using finite volume methods. A thorough description of the current state
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of adjoint based error estimation techniques can be found in the review papers of
Giles and Süli [14] as well as Fidkowski and Darmofal [12].

The desired application is to quantify uncertainty in computational models re-
quiring complex black box codes to be run. Thus an emphasis is placed on de-
veloping a nonintrusive framework for a posteriori error estimation. This report
introduces such a technique in Section 2, that may lead to adjoint error estimation
codes that can be implemented as separate modules attached to a black box code.
The only requirement is that the forward problem has a governing set of equations,
initial condition and boundary conditions associated with it known to the devel-
opers of the adjoint code. The application to a simple linear advection problem is
described in Section 3. A rigorous proof of convergence is provided for the com-
putable error estimate in the case of smooth solutions of the forward and adjoint
problems. In Section 4 the theory is explored in numerous computational exam-
ples, including cases involving discontinuities. Conclusions and suggested future
work are provided in Section 5.

2. The adjoint problem and error formula

This section introduces a modification of the approach previously taken in nu-
merous studies, most notably [4–6], to develop an adjoint problem for the error
in a quantity of interest when estimating the solution of a hyperbolic conserva-
tion law using a finite volume method. In these studies the forward problem is
derived by proving an equivalency of the finite volume method with some finite
element method, then enriching the trial and test spaces to extract a definition of a
weak operator. A different approach is possible assuming solutions with regularity
u ∈ H1(ΩT ) and forcing F ∈ L2(ΩT ). Consider developing a weak problem over
trial and test spaces containing a large class of approximating function spaces and
the solution itself. Reconstructions from finite volume data may be included by
allowing jumps across cell interfaces in the trial space. Denote a set of cells with
maximum cell width h by Kh, where the cells are denoted by

(2.1) Kh
i = (xi−1/2, xi+1/2), i = 1, . . . ,M,

such that x1/2 = xL and xM+1/2 = xR. Cell centers are denoted by xi, i =
1, . . . ,M . The exact cell averages of the solution u of (1.1)-(1.2) are denoted by
{un

i }, satisfying

(2.2) un
i =

1
xi+1/2 − xi−1/2

∫ xi+1/2

xi−1/2

u(x, tn) dx

on each cell Kh
i at each discrete time tn ∈ {0 = t0, t1, . . . , tN = T}. These cell

averages are approximated by a finite volume data set v = {vn
i }. The desired

function space is taken to be the broken space [6]

(2.3) VB =
{
v|Kh

i
∈ H1(Kh

i × (0, T )), i = 1, . . . ,M
}
.

The norm on VB is
(2.4)

‖v‖VB =

{
M∑
i=1

∫
Kh

i ×(0,T )

|v(x, t)|2 + |∂tv(x, t)|2 + |∂xv(x, t)|2 dx dt

}1/2

, ∀v ∈ VB .
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The norm for L2(ΩT ) is denoted in the usual way by ‖ ·‖L2(ΩT ). A trivial extension
operator T : v ∈ VB → T (v) ∈ L2(ΩT ) exists, so for convenience the notation is
suppressed by saying VB = T (VB) ⊂ L2(ΩT ). At each cell interface define left and
right values by

v−(x) = lim
y→x−

v(y),

v+(x) = lim
y→x+

v(y).

2.1. Identification of an adjoint problem for the error. First multiply (1.1)
by v ∈ VB and integrate by parts over Kh

i × (0, T ):

(2.5)∫
Kh

i ×(0,T )

∂tu v dx dt−
∫
Kh

i ×(0,T )

f(u) ∂xv dx dt+
∫ T

0

f(u(xi+1/2))v−(xi+1/2) dt

−
∫ T

0

f(u(xi−1/2))v+(xi−1/2) dt =
∫
Kh

i ×(0,T )

F v dx dt.

The development of the adjoint problem will require a precise description of what
happens when we add a perturbation w ∈ VB to u, and in this case the flux
across the cell interfaces must be well defined. Hence we replace the flux in (2.5)
with some rule based on the left and right values at the cell interface, denoted by
f̂(w−(xi−1/2), w+(xi−1/2)), for i = 0, 1, . . . ,M . The rule must be consistent, so
that for the true solution u ∈ H1(ΩT ):

(2.6) f̂(u−(xi−1/2), u+(xi−1/2) = f(u(xi−1/2)), i = 1, . . . ,M + 1.

Inserting this flux rule into (2.5) and summing over i = 1, . . . ,M ,

(2.7) A(u, v) =
M∑
i=1

∫
Kh

i ×(0,T )

F v dx dt, ∀v ∈ VB ,

where

(2.8) A(u, v) =
M∑
i=1

∫
Kh

i ×(0,T )

∂tu v dx dt−
M∑
i=1

∫
Kh

i ×(0,T )

f(u) ∂xv dx dt

+
M∑
i=1

∫ T

0

f̂(u−(xi+1/2), u+(xi+1/2))v−(xi+1/2) dt

−
M∑
i=1

∫ T

0

f̂(u−(xi−1/2), u+(xi−1/2))v+(xi−1/2) dt.

This method of extracting a weak operator consistent with the strong formulation
for smooth solutions is equivalent to developing a local DG method as described by
Cockburn et. al., [8,9], and enriching the trial and test spaces. The adjoint problem
is now derived by linearization about an approximation ũ ∈ VB of the solution to
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(1.1). Indeed,

(2.9) A(u, v)−A(ũ, v) =
∫ 1

0

d

ds
A(ũ+ s(u− ũ), v) ds

=
M∑
i=1

∫
Kh

i ×(0,T )

∂t(u− ũ) v dx dt−
M∑
i=1

∫
Kh

i ×(0,T )

g(u, ũ)(u− ũ) ∂xv dx dt

+
M∑
i=1

∫ T

0

{ĝ(u, ũ)(u− ũ)} |xi+1/2v−(xi+1/2) dt

−
M∑
i=1

∫ T

0

{ĝ(u, ũ)(u− ũ)} |xi−1/2v+(xi−1/2) dt,

where it is assumed the Fréchet derivatives g, ĝ exist, satisfying:

g(u, ũ)(u− ũ) =
(∫ 1

0

∂uf(ũ+ s(u− ũ)) ds
)

(u− ũ)

and
{ĝ(u, ũ)(u− ũ)} |xi+1/2

=
∫ 1

0

{
∂uf̂((ũ+ s(u− ũ))−, (ũ+ s(u− ũ))+)(u− ũ)

}
|xi+1/2 ds.

Consider w ∈ VB to be an arbitrary perturbation inserted in place of u− ũ in (2.9).
The linearized variational form is

(2.10) A(u, ũ, w, v) =
M∑
i=1

∫
Kh

i ×(0,T )

∂tw v dx dt−
M∑
i=1

∫
Kh

i ×(0,T )

g(u, ũ)w ∂xv dx dt

+
M∑
i=1

∫ T

0

{ĝ(u, ũ)w} |xi+1/2v−(xi+1/2) dt

−
M∑
i=1

∫ T

0

{ĝ(u, ũ)w} |xi−1/2v+(xi−1/2) dt.

Integrating (2.10) by parts one attempts to determine appropriate boundary con-
ditions and a terminal time condition so that the adjoint problem is well-posed.
We cannot describe this for the general case above, though Section 3 will provide
a specific example. We leave the investigation of when this can be done as future
work. In the case of periodic boundary conditions an adjoint variational form is
derived, denoted here by

(2.11) A
∗
(u, ũ, v, w) = A(u, ũ, w, v) +

∫
Ω

w(x, 0)v(x, 0) dx−
∫

Ω

w(x, T )v(x, T ) dx.

Two cases are considered here corresponding to the two forms of the quantity of
interest described in (1.3)-(1.4). In the case M(u) is of the form (1.3), the adjoint
problem is to solve for φ ∈ VB satisfying

(2.12) A
∗
(u, ũ, φ, w) = M(w), ∀w ∈ VB

with periodic boundary conditions, subject to the terminal condition φ(x, T ) = 0.
If M(u) is of the form (1.4), the adjoint problem is to solve for φ ∈ VB satisfying

(2.13) A
∗
(u, ũ, φ, w) = 0, ∀w ∈ VB
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with periodic boundary conditions, subject to the terminal condition φ(x, T ) = ψ(x)
in Ω.

2.2. The error representation formula. The goal is to derive an error formula
that can be decomposed into computable and noncomputable terms, where the
noncomputable terms should be asymptotically small compared to the computable
terms. This is accomplished by introducing some element φ̃ ∈ VB that is considered
to be an approximation of the adjoint solution φ. If M(u) is of the form (1.3), the
error in the quantity of interest is

(2.14) M(u)−M(ũ) = M(u− ũ) = A
∗
(u, ũ, φ, u− ũ)

= A(u, ũ, u− ũ, φ) +
∫

Ω

(u− ũ)(x, 0)φ(x, 0) dx

= A(u, ũ, u− ũ, φ− φ̃) +
∫

Ω

(u− ũ)(x, 0)(φ− φ̃)(x, 0) dx

+
∫

Ω

(u− ũ)(x, 0)φ̃(x, 0) dx+A(u, ũ, u− ũ, φ̃)

= A(u, ũ, u− ũ, φ− φ̃) +
∫

Ω

(u− ũ)(x, 0)(φ− φ̃)(x, 0) dx

+
∫

Ω

(u− ũ)(x, 0)φ̃(x, 0) dx+A(u, φ̃)−A(ũ, φ̃)

= A(u, ũ, u− ũ, φ− φ̃) +
∫

Ω

(u0(x)− ũ(x, 0))(φ− φ̃)(x, 0) dx

+
∫

Ω

(u0(x)− ũ(x, 0))φ̃(x, 0) dx+
∫

ΩT

F (x, t) φ̃(x, t) dx dt−A(ũ, φ̃).

If M(u) is of the form (1.4), the same result is achieved using a slight modification
of these arguments. In practice one estimates the error using only the computable
terms:
(2.15)

M(u)−M(ũ) ≈
∫

Ω

(u0(x)− ũ(x, 0))φ̃(x, 0) dx+
∫

ΩT

F (x, t) φ̃(x, t) dx dt−A(ũ, φ̃).

The merit of the error approximation (2.15) lies in the asymptotic properties of the
noncomputable terms. As an example, if the quantity of interest is determined by
(1.3), the size of the true error is expected to be

(2.16) M(u)−M(ũ) ≈ C1(ΩT )‖u− ũ‖Lp(ΩT )

for some p such that 1 ≤ p ≤ 2. If a uniform bound on the size of the derivatives g
and ĝ can be shown, the size of the noncomputable terms is expected to be

(2.17) A(u, ũ, u− ũ, φ− φ̃) ≈ C2(ΩT )‖u− ũ‖VB‖φ− φ̃‖VB .

Comparing (2.16) and (2.17), it is evident that the computable error estimate can
achieve any desired accuracy by choosing φ̃ to be a sufficiently close approximation
of φ in the norm of VB .

Remark 2.1. The a posteriori error formula is usually used to derive local informa-
tion regarding the size of the error to use in mesh refinement. In the current setting
this is not possible as the required Galerkin orthogonality is lost. The advantage of
the above construction is to separate the method of estimating the solution u from
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the method of estimating the adjoint solution φ. The advantage of this approach in
terms of both computational efficiency and programmer effort is illustrated in the
following sections.

3. Application to constant-coefficient linear advection

An adjoint error estimate of the form (2.15) is derived in the case u solves

∂tu+ a∂xu = 0, (x, t) ∈ ΩT(3.1)
u(x, 0) = u0(x), x ∈ Ω,(3.2)

with periodic boundary conditions. The choice of periodic boundary conditions is
just a first step, and we do not consider the issue of boundary conditions to be
essential in 1D. The advection coefficient is assumed to be positive. The equation
is unforced for simplicity, which does not effect the analysis. However, it makes
the development of code for computational tests easier in Section 4. The condition
u0(x) ∈ H1(Ω) is imposed, in which case the solution u(x, t) = u0(x − at) ∈
H1(ΩT ) ⊂ VB . The flux function is simply f(u) = au. The development of the
adjoint problem is greatly simplified in this case by choosing the flux rule at cell
interfaces for arbitrary w ∈ VB to be the upwind flux (for a > 0):

(3.3) f̂(w−(xi−1/2), w+(xi−1/2) = aw−(xi−1/2), i = 1, . . . ,M + 1.

The variational form (2.8) becomes

(3.4) A(u, v) =
M∑
i=1

∫
Kh

i ×(0,T )

∂tu v dx dt−
M∑
i=1

∫
Kh

i ×(0,T )

a u ∂xv dx dt

+
M∑
i=1

∫ T

0

a u−(xi+1/2) v−(xi+1/2) dt

−
M∑
i=1

∫ T

0

a u−(xi−1/2) v+(xi−1/2) dt,

and if u ∈ H1(ΩT ) solves (3.1), the variational form satisfies

(3.5) A(u, v) = 0, ∀v ∈ VB .

There is no need to perform any linearization. If ũ ∈ VB is chosen arbitrarily and
w = u− ũ,

(3.6)

A(u, v)−A(ũ, v) = A(w, v) =
M∑
i=1

∫
Kh

i ×(0,T )

∂tw v dx dt−
M∑
i=1

∫
Kh

i ×(0,T )

aw ∂xv dx dt

+
M∑
i=1

∫ T

0

aw−(xi+1/2) v−(xi+1/2) dt−
M∑
i=1

∫ T

0

aw−(xi−1/2) v+(xi−1/2) dt.
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Integrating by parts,

(3.7) A(w, v) =
M∑
i=1

∫
Kh

i ×(0,T )

−∂tv w dx dt+
M∑
i=1

∫
Kh

i ×(0,T )

a v ∂xw dxdt

+
∫

Ω

w(x, T ) v(x, T ) dx−
∫

Ω

w(x, 0) v(x, 0) dx

+
M∑
i=1

∫ T

0

aw+(xi−1/2) v+(xi−1/2) dt−
M∑
i=1

∫ T

0

aw−(xi−1/2) v+(xi−1/2) dt.

The adjoint variational form is obtained in the standard way by dropping the terms
integrated in space at the initial and final times. The boundary conditions for the
adjoint variable are taken to be periodic. The reason for this will be made clear
after first rewriting the sum over the cell interface terms and applying the periodic
boundary conditions,

(3.8)
M∑
i=1

∫ T

0

aw+(xi−1/2) v+(xi−1/2) dt

−
M∑
i=1

∫ T

0

aw−(xi−1/2) v+(xi−1/2) dt =
M∑
i=1

∫ T

0

aw+(xi−1/2) v+(xi−1/2) dt

−
M−1∑
i=1

∫ T

0

aw−(xi+1/2) v+(xi+1/2) dt−
∫ T

0

aw−(x1/2) v+(x1/2) dt

=
M∑
i=1

∫ T

0

aw+(xi−1/2) v+(xi−1/2) dt−
M∑
i=1

∫ T

0

aw−(xi+1/2) v+(xi+1/2) dt.

The adjoint variational form is now

(3.9) A∗(v, w) =
M∑
i=1

∫
Kh

i ×(0,T )

−∂tv w dx dt+
M∑
i=1

∫
Kh

i ×(0,T )

a v ∂xw dxdt

+
M∑
i=1

∫ T

0

aw+(xi−1/2) v+(xi−1/2) dt

−
M∑
i=1

∫ T

0

aw−(xi+1/2) v+(xi+1/2) dt.

Throughout the remainder of this report, only quantities of interest of the form
(1.4) are considered. The adjoint problem is to find φ ∈ VB satisfying

(3.10) A∗(φ,w) = 0, ∀w ∈ VB ,

subject to periodic boundary conditions and the terminal condition φ(x, T ) = ψ(x).
The importance of this problem formulation lies in the observation that if ψ(x) ∈
H1(Ω), then φ(x, t) ∈ H1(ΩT ) satisfying the linear advection problem

−∂tφ+ ∂xfadj(φ) = 0, (x, t) ∈ ΩT(3.11)
fadj(φ) = −aφ,
φ(x, T ) = ψ(x), x ∈ Ω
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will also satisfy (3.10). This is proved by simply multiplying (3.11) by any w ∈ VB

and integrating the advection term by parts and applying the upwind flux rule

(3.12) f̂adj(−av)|xi+1/2(t) = −av+(xi+1/2, t).

Thus for a large class of quantities of interest the solvability of the adjoint problem
is trivial. Also, less smooth choices of ψ(x) that may be of interest, like δ-functions
or step functions, can easily be approximated by ψ ≈ ψε ∈ H1(Ω) or even smooth
functions. Denote by eM(ũ) the error in the quantity of interest,

(3.13) eM(ũ) = M(u)−M(ũ).

The error formula (2.14) simplifies to

(3.14)

eM(ũ) = M(u− ũ) = A(u− ũ, φ− φ̃) +
∫

Ω

(u0(x)− ũ(x, 0))(φ− φ̃)(x, 0) dx

+
∫

Ω

(u0(x)− ũ(x, 0))φ̃(x, 0) dx−A(ũ, φ̃).

The computable error estimate is denoted by ẽM(ũ, φ̃) and is calculated using the
rule

(3.15) eM(ũ) ≈ ẽM(ũ, φ̃) =
∫

Ω

(u0(x) − ũ(x, 0))φ̃(x, 0) dx − A(ũ, φ̃).

3.1. Reconstruction mappings for finite volume data. The approximation ũ
of u could be constructed in many ways. A map from the finite volume data set
v to a space-time approximation ũ ∈ VB is constructed here to achieve an optimal
order of approximation for the desired quantity of interest. First, pointwise values
in space are defined at each discrete time on each cell, then a piecewise interpolant
of the data in time is used to define ũ.

A common method of data reconstruction in space is used (see e.g. Shu, [21]),
which yields piecewise polynomials, continuous on each cell with jumps across cell
interfaces. The spatial reconstruction of the finite volume data u at time tn is
denoted by ũn(x), where ũn(x)|Kh

i
= ũn

i (x) and the polynomial ũn
i (x) satisfies

(3.16)
∫
Kh

j

ũn
i (x) dx = (xj+1/2 − xj−1/2) vn

j , j = i− r, i− r + 1, . . . , i− r + p.

The shifting index r, 0 ≤ r ≤ p, is fixed independent of i for convenience since
the solution is periodic. In the presence of boundary conditions the stencil can
be shifted toward the interior of the domain without affecting the asymptotic
properties proved in this report. Given the reconstructions ũn(x) for time indices
n = 0, 1, . . . , N , the final space-time reconstructed solution ũ(x, t) is constructed
by interpolation in time. If x ∈ Kh

i and 0 ≤ n− r ≤ N − p− 1, ũ(x, t) is defined on
[tn, tn+1] as the unique polynomial interpolant of degree p+ 1 satisfying

(3.17) ũ(x, tj) = ũj
i (x), j = n− r, n− r + 1, . . . , n− r + p+ 1.

In case the interval [tn, tn+1] is near the initial or final times the value of r is
adjusted accordingly. The reason the interpolant in time is of degree p+ 1 will be
clarified in Lemma 3.1.

Usually reconstruction operators are used to design finite volume methods of
a desired accuracy. However, the proposed reconstruction process can be used
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to obtain information about a quantity of interest and the associated error to an
optimal order of accuracy without knowing the original reconstruction process used
in designing the finite volume method, assuming a smooth solution to the forward
and adjoint problems. The polynomial degree p can be chosen based on the accuracy
of the finite volume method to ensure an optimal rate of convergence for smooth
solutions. Since the accuracy of the computable error estimate satisfies (3.48), this
means the first derivative in space and in time of the reconstruction should ideally
converge at the same rate as the finite volume data set. This motivates the following
result. In order to ease the proof, define a maximum cell width ∆x and time step
size ∆t,

∆x = max
i=1,2,...,M

(∆xi = xi+1/2 − xi−1/2)

∆t = max
n=0,1,...,N−1

(∆tn+1 = tn+1 − tn),

and a CFL condition

(3.18)
a∆tn+1

∆xi
≤ λ

for λ ∈ (0, 1), independent of n and i.

Lemma 3.1. Let wn
j be a finite volume data set approximating some smooth func-

tion U(x, t) with periodic boundary conditions in space and denote the cell average
errors by

(3.19) en
j = U

n

j − wn
j ,

where U
n

j satisfies

U
n

j =
1

xj+1/2 − xj−1/2

∫ xj+1/2

xj−1/2

U(x, tn) dx.

Assume a regular series of nodes {xi−1/2} such that there exists α > 0 satisfying

α∆x ≤ min
i=1,2,...,M

∆xi(3.20)

α∆t ≤ min
n=0,1,...,N−1

∆tn+1(3.21)

independent of N or M , and that the following approximation properties hold for
constants C0, C1 > 0 and C2 > 0 independent of N or M :

max
n=1,2,...,N

max
j=1,2,...,M

|en
j | ≤ C0∆xs,(3.22)

max
n=1,2,...,N

max
j=2,3,...,M

|en
j − en

j−1| ≤ C1∆xs+1,(3.23)

and max
n=0,2,...,N−1

max
j=2,3,...,M

|en+1
j − en

j | ≤ C2∆xs+1.(3.24)

Let Ũ be the space-time reconstruction of U as defined in (3.16)-(3.17) using piece-
wise polynomials of degree p in space and a stencil shift index r. Then the following
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approximation properties hold:

‖U − Ũ‖L∞(ΩT ) = O(∆xp+1 + ∆xs),(3.25)

‖∂x(U − Ũ)‖L∞(ΩT ) = O(∆xp + ∆xs),(3.26)

‖∂t(U − Ũ)‖L∞(ΩT ) = O(∆xp+1 + ∆xs),(3.27)

and max
i=1,...,M

|[U − Ũ ](xi+1/2)| = O(∆xp+1 + ∆xs+1).(3.28)

Remark 3.1. The conditions (3.20)-(3.21) could be removed if the approxima-
tion properties (3.22)-(3.23) were localized. Also, condition (3.24) should follow
automatically from (3.23) when employing finite volume methods with hyperbolic
conservation laws due to the CFL condition. The conditions can be easily proved
for many finite volume methods by writing the cell average errors in terms of the
local truncation errors.

Proof. Uniform bounds will be derived on an arbitrary cell Kh
i and time tn. Let

qn
i (x) be the polynomial interpolant of degree p+ 1 satisfying

(3.29) qn
i (xi−r+j−1/2) =

∫ xi−r+j−1/2

x1/2

U(τ, tn) dτ

=
i−r+j−1∑

k=1

∆xkU
n

k , j = 0, 1, . . . , p+ 1.

Consider the approximate interpolant based on the finite volume data set

(3.30) q̃n
i (xi−r+j−1/2) =

i−r+j−1∑
k=1

∆xkw
n
k , j = 0, 1, . . . , p+ 1.

Since U is smooth, it is well known that ∂(d)
x U(x, tn)− ∂(d+1)

x qn
i (x) = O(∆xp+1−d)

for d = 0, 1. It will be shown that

(3.31) max
i=1,2,...,M

max
x∈Kh

i

(
∂(d)

x qn
i (x)− ∂(d)

x q̃n
i (x)

)
= O(∆xs)

for d = 1, 2. Let the polynomial en
i (x) interpolate the errors at each cell interface,

(3.32) en
i (xi−r+j−1/2) = qn

i (xi−r+j−1/2)− q̃n
i (xi−r+j−1/2)

=
i−r+j−1∑

k=1

∆xke
n
k , j = 0, 1, . . . , p+ 1.

The Newton divided difference form of the interpolant (Atkinson [2]) en
i (x) is

(3.33) en
i (x) = en

i (xi−r−1/2) + (x− xi−r−1/2)en
i [xi−r−1/2, xi−r+1/2]

+ (x− xi−r−1/2)(x− xi−r+1/2) en
i [xi−r−1/2, xi−r+1/2, xi−r+3/2]

+ . . .+
p∏

m=0

(x− xi−r+m−1/2) en
i [xi−r−1/2, xi−r+1/2, . . . , xi−r+p+1/2].

The divided difference notation en
i [xi−r+l−1/2, xi−r+l+1/2, . . . , xi−r+l+j+1/2] for j =

0, 1, . . . , p and l = 0, . . . , p− j is defined first for case j = 0 by setting

en
i [xi−r+l−1/2, xi−r+l+1/2] =

en
i (xi−r+l+1/2)− en

i (xi−r+l−1/2)
xi−r+l+1/2 − xi−r+l−1/2

for l = 0, 1, . . . , p.
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Then inductively with respect to j,

(3.34) en
i [xi−r+l−1/2, . . . , xi−r+l+j+1/2]

=
en
i [xi−r+l+1/2, . . . , xi−r+l+j+1/2]− en

i [xi−r+l−1/2, . . . , xi−r+l+j−1/2]
xi−r+l+j+1/2 − xi−r+l−1/2

for l = 0, 1, . . . , p− j.

These expressions can be calculated in terms of the cell average errors using (3.32).
In case j = 0 one obtains

(3.35) en
i [xi−r+l−1/2, xi−r+l+1/2] = en

i−r+l for l = 0, 1, . . . , p.

Inserting the result (3.35) into (3.34) in case j = 1 yields

(3.36) en
i [xi−r+l−1/2, xi−r+l+1/2, xi−r+l+3/2]

=
en
i−r+l+1 − en

i−r+l

xi−r+l+3/2 − xi−r+l−1/2
for l = 0, 1, . . . , p− 1.

An upper bound is obtained using (3.20) and (3.23):

(3.37)
∣∣en

i [xi−r+l−1/2, xi−r+l+1/2, xi−r+l+3/2]
∣∣
≤ C1∆xs+1

2α∆x
for l = 0, 1, . . . , p− 1.

Induction on j is used to prove the upper bound

(3.38)
∣∣en

i [xi−r+l−1/2, . . . , xi−r+l+j+1/2]
∣∣ ≤ 2j−1C1∆xs+1−j

(j + 1)!αj

for l = 0, 1, . . . , p − j. Case j = 1 holds by (3.37). Use (3.34) to show that case j
implies case j + 1. The derivative of the error function is

(3.39) ∂xe
n
i (x) = en

i [xi−r−1/2, xi−r+1/2]

+
p∑

j=1

j∑
q=0

j∏
m=0
m6=q

(x− xi−r+m−1/2) en
i [xi−r−1/2, xi−r+1/2, . . . , xi−r+j+1/2].

Insert (3.35), apply (3.38) with l = 0 and use (3.22) to bound (3.39):

(3.40) |∂xe
n
i (x)| ≤ C0∆xs +

p∑
j=1

j∑
q=0

(p+ 1)j(∆x)j 2j−1C1∆xs+1−j

(j + 1)!αj

= C0∆xs + C1∆xs+1

p∑
j=1

(p+ 1)j 2j−1

(j)!αj
.

Thus we have shown (3.31) in case d = 1. Note that at the cell interface xi+1/2,

(3.41)
∣∣∣[U(xi+1/2, t

n)− Ũn(xi+1/2)]
∣∣∣

≤
∣∣U(xi+1/2, t

n)− ∂xq
n
i+1(xi+1/2)

∣∣ +
∣∣U(xi+1/2, t

n)− ∂xq
n
i (xi+1/2)

∣∣
+

∣∣∂x(qn
i+1(xi+1/2)− q̃n

i+1(xi+1/2))− ∂x(qn
i (xi+1/2)− q̃n

i (xi+1/2))
∣∣

=
∣∣U(xi+1/2, t

n)− ∂xq
n
i+1(xi+1/2)

∣∣ +
∣∣U(xi+1/2, t

n)− ∂xq
n
i (xi+1/2)

∣∣
+

∣∣∂xe
n
i+1(xi+1/2)− ∂xe

n
i (xi+1/2)

∣∣ .



ADJOINT ERROR ESTIMATION FOR LINEAR ADVECTION 13

The last term on the right hand side of (3.41) is estimated using (3.39) and inserting
(3.35):

(3.42)
∣∣∂xe

n
i+1(xi+1/2)− ∂xe

n
i (xi+1/2)

∣∣ ≤ ∣∣en
i−r+1 − en

i−r

∣∣
+

∣∣∣∣∣∣∣
p∑

j=1

j∑
q=0

j∏
m=0
m6=q

(x− xi−r+m+1/2) en
i+1[xi−r+1/2, xi−r+3/2, . . . , xi−r+j+3/2]

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
p∑

j=1

j∑
q=0

j∏
m=0
m6=q

(x− xi−r+m−1/2) en
i [xi−r−1/2, xi−r+1/2, . . . , xi−r+j+1/2]

∣∣∣∣∣∣∣ .
A rough bound analogous to (3.40) is found by inserting (3.23), from which it
follows

(3.43)
∣∣∂xe

n
i+1(xi+1/2)− ∂xe

n
i (xi+1/2)

∣∣ ≤ C1∆xs+1

p∑
j=0

(p+ 1)j 2j

(j)!αj
.

The result (3.28) follows from (3.41) and (3.43). The second derivative of the error
function is

(3.44) ∂(2)
x en

i (x) = 2en
i [xi−r−1/2, xi−r+1/2, xi−r+3/2]

+
p∑

j=2

j∑
l=0

j∑
q=0
q 6=l

j∏
m=0

m6=q,l

(x− xi−r+m−1/2) en
i [xi−r−1/2, xi−r+1/2, . . . , xi−r+j+1/2].

It follows

(3.45)
∣∣∣∂(2)

x en
i (x)

∣∣∣ ≤ C1∆xs

p∑
j=1

(p+ 1)j−1 2j−1

(j − 1)!αj
.

This proves (3.31) in case d = 2. At a fixed x ∈ Kh
i for any i = 1, 2, . . . ,M the

time interpolation process is applied to define value in time on an arbitrary interval
[tn, tn+1]. An analogous approach is used with (3.21), the CFL requirement and
the triangle inequality to obtain the desired results (3.25)-(3.26). The result (3.27)
follows from (3.24) and because the interpolant in time is of degree p+ 1. �

3.2. Asymptotic properties of the computable error estimate. The rate at
which the computable error estimate for a quantity of interest converges to the
true error (see (3.15)) will be derived, given smooth data for the problems (3.1)
and (3.11). The solution u(x, t) of (3.1) is approximated using the reconstruction
ũ(x, t) and the solution φ(x, t) of (3.11) is approximated using the reconstruction
φ̃(x, t) as defined in Section 3.1 above. The reconstructed solution ũ consists of
piece-wise polynomials of degree pu, based on finite volume data v = {vn

i }. The
exact cell average data is {un

i } and the errors in the finite volume data are denoted
by

(3.46) (eu)n
i = un

i − vn
i .

The adjoint solution φ is reconstructed using piece-wise polynomials of degree pφ,
based on finite volume data w = {wn

i }. The exact cell average data is {φn

i } and



14 J. M. CONNORS, J. W. BANKS, J. A. HITTINGER, AND C. S. WOODWARD

the errors in the finite volume data are denoted by

(3.47) (eφ)n
i = φ

n

i − wn
i .

Theorem 3.1. Let the solution u(x, t) of (3.1) and the solution φ(x, t) of (3.11)
be smooth. If the errors (3.46) satisfy (3.22) - (3.24) with s = su ∈ N, and the
errors (3.47) satisfy (3.22) - (3.24) with s = sφ ∈ N, then under the assumptions
of Lemma 3.1 it follows

eM(ũ) = ẽM(ũ, φ̃) +O(∆xq),(3.48)
q = min{pu + pφ + 1, pu + sφ + 1, su + pφ, su + sφ}.(3.49)

Remark 3.2. The analysis could be extended easily to solutions in H2(ΩT ) by
looking at the order of approximation on functions in C2(ΩT ). It is expected in
this case that the minimum order of convergence will be q = 2, e.g., if u, φ ∈
H2(ΩT ) \H3(ΩT ).

Remark 3.3. Since the error, computable error estimate and quantity of interest
are all defined as integrals, and the reconstruction operators are designed to estimate
the integral of the function being reconstructed, there are many opportunities to
observe superconvergence in practice. Some examples are seen in Section 4.

Remark 3.4. In practice the choice of reconstruction polynomial should be chosen
based upon the convergence rate of the finite volume schemes being used. The most
efficient choice should normally be to set pu ≥ su − 1 and pφ ≥ sφ. This will be
discussed further in Section 4.

Proof. It follows from (3.4), (3.14) and (3.15) that

(3.50) eM(ũ)− ẽM(ũ, φ̃) = A(u− ũ, φ− φ̃) +
∫

Ω

(u0(x)− ũ(x, 0))(φ− φ̃)(x, 0) dx

=
M∑
i=1

∫
Kh

i ×(0,T )

∂t(u− ũ) (φ− φ̃) dx dt−
M∑
i=1

∫
Kh

i ×(0,T )

a (u− ũ) ∂x(φ− φ̃) dx dt

+
M∑
i=1

∫ T

0

a (u− ũ)−(xi+1/2) (φ− φ̃)−(xi+1/2) dt

−
M∑
i=1

∫ T

0

a (u− ũ)−(xi−1/2) (φ− φ̃)+(xi−1/2) dt

+
M∑
i=1

∫
Kh

i

(u0(x)− ũ(x, 0))(φ− φ̃)(x, 0) dx.
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Due to the periodic boundary conditions, the terms evaluated at cell interfaces can
be regrouped to yield

(3.51) eM(ũ)− ẽM(ũ, φ̃) =
M∑
i=1

∫
Kh

i ×(0,T )

∂t(u− ũ) (φ− φ̃) dx dt

−
M∑
i=1

∫
Kh

i ×(0,T )

a (u−ũ) ∂x(φ−φ̃) dx dt−
M∑
i=1

∫ T

0

a (u−ũ)−(xi+1/2) [(φ−φ̃)(xi+1/2)] dt

+
M∑
i=1

∫
Kh

i

(u0(x)− ũ(x, 0))(φ− φ̃)(x, 0) dx.

Proceeding term by term, (3.51) can be bounded using Lemma 3.1. The first term
on the right hand side is bounded using (3.25) and (3.27):

(3.52)

∣∣∣∣∣
M∑
i=1

∫
Kh

i ×(0,T )

∂t(u− ũ) (φ− φ̃) dx dt

∣∣∣∣∣
≤ |ΩT | ‖∂t(u− ũ)‖L∞(ΩT ) ‖φ− φ̃‖L∞(ΩT )

= O
(
(∆xpu+1 + ∆xsu)(∆xpφ+1 + ∆xsφ)

)
.

Similarly,

(3.53)

∣∣∣∣∣
M∑
i=1

∫
Kh

i ×(0,T )

a (u− ũ) ∂x(φ− φ̃) dx dt

∣∣∣∣∣
= O

(
(∆xpu+1 + ∆xsu)(∆xpφ + ∆xsφ)

)
.

The next term on the right hand side of (3.51) satisfies

(3.54)

∣∣∣∣∣
M∑
i=1

∫ T

0

a (u− ũ)−(xi+1/2) [(φ− φ̃)(xi+1/2)] dt

∣∣∣∣∣
≤ T M

{
max

0≤t≤T
max

i=1,...,M
[(φ− φ̃)(xi+1/2, t)]

}
‖u− ũ‖L∞(ΩT ).

Apply (3.28) and (3.21):

(3.55)

∣∣∣∣∣
M∑
i=1

∫ T

0

a (u− ũ)−(xi+1/2) [(φ− φ̃)(xi+1/2)] dt

∣∣∣∣∣
≤ |ΩT |
α∆x

O
(
(∆xpu+1 + ∆xsu)(∆xpφ+1 + ∆xsφ+1)

)
= O

(
(∆xpu+1 + ∆xsu)(∆xpφ + ∆xsφ)

)
.

The last term on the right hand side of (3.51) satisfies

(3.56)

∣∣∣∣∣
M∑
i=1

∫
Kh

i

(u0(x)− ũ(x, 0))(φ− φ̃)(x, 0) dx

∣∣∣∣∣
= O

(
(∆xpu+1 + ∆xsu)(∆xpφ+1 + ∆xsφ)

)
.
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It follows that

(3.57)
eM(ũ) − ẽM(ũ, φ̃) = O

(
∆xpu+sφ+1 + ∆xsu+sφ + ∆xsu+pφ + ∆xpu+pφ+1

)
,

which is the desired result. �

4. Computational examples

The various initial conditions, final time conditions, solver types and reconstruc-
tion types tested are described below. A system for labeling individual tests will
be defined. The space-time domain is taken to be [0, 1] × [0, 1], and the advection
coefficient is a = 1. The initial conditions for the forward problem are denoted by
gj(x) for j = 1, 2, . . . , 5. In descending order of smoothness they are

g1(x) = sin(2π(x− 1/4))(4.1)

(C7-pulse) g2(x) =
{

cos8(2π|x− 0.5|), if |x− 0.5| < 1/4
0, otherwise(4.2)

(C1-pulse) g3(x) =
{

cos2(2π|x− 0.5|), if |x− 0.5| < 1/4
0, otherwise(4.3)

(triangle pulse) g4(x) =

 4x− 1, if 1/4 < x ≤ 1/2
3− 4x, if 1/2 < x ≤ 3/4

0, otherwise
(4.4)

(square pulse) g5(x) =
{

1, if |x− 0.5| < 1/4
0, otherwise.(4.5)

The quantities of interest are defined as final time conditions for the adjoint prob-
lem, denoted by ψj(x) for j = 1, 2, . . . , 5. Some are constructed by first defining a
function centered at x = 0, then recentering about x∗ = (1 + π/16)/2 ∈ (1/2, 1).
This is done to avoid important points like maxima or the point of function evalu-
ation to be located at any cell centers or interfaces. Specifically,

M(u) =
∫ 1

0

ψj(x)u(x, t = 1) dx,

for j = 1, 2, . . . , 6, where

(Fourier coefficient) ψ1(x) = exp(−i 2πx)(4.6)
(evaluate at x = x∗) ψ2(x) = δ(x− x∗)(4.7)

(moment, order 0) ψ3(x) = 1(4.8)
(moment, order 1) ψ4(x) = x(4.9)
(moment, order 2) ψ5(x) = x2(4.10)

(solution energy) ψ6(x) =
1
2
u(x, T )(4.11)

(patch average) ψ7(x) = 2, if 0.25 < x < 0.75, o.w. φ7(x) = 0.(4.12)

The sixth quantity of interest is nonlinear with respect to the forward solution and
thus must be linearized. We follow the standard approach and linearize about the
reconstructed solution ũ. Normally one computes a Fréchet derivative as part of the
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linearization process but for the solution energy some algebraic arguments suffice
to derive the same approximation:

M(u)−M(ũ) =
1
2

∫ 1

0

|u(x, T )|2 dx− 1
2

∫ 1

0

|ũ(x, T )|2 dx

=
1
2

∫ 1

0

(u(x, T ) + ũ(x, T )) (u(x, T )− ũ(x, T )) dx(4.13)

≈
∫ 1

0

ũ(x, T ) (u(x, T )− ũ(x, T )) dx.

The adjoint data ψ6(x) is replaced by ψ6(x) = ũ(x, T ). The additional error com-
mitted by this approximation is

(4.14) (M(u)−M(ũ))−
∫ 1

0

ψ6(x)(u(x, T )− ũ(x, T )) dx

=
1
2

∫ 1

0

|u(x, T )− ũ(x, T )|2 dx.

Three finite volume solver methods are employed. The first solver is the first
order upwind scheme:

(4.15) un+1
j = un

j − a
∆t
∆x

(
un

j − un
j−1

)
.

The second solver is a second order upwind scheme. The scheme is derived by
taking a piece-wise linear representation of the data on each cell Kh

j at time tn

with cell average un
j and slope σn

j defined below, then exactly solving the Riemann
problem at each cell interface up to time tn+1. The result is averaged over cell Kh

j

to define un+1
j . The update rule is derived by integrating the conservation law over

Kh
j × [tn, tn+1] and using the data on each cell interface at xj+1/2 from the solution

of the Riemann problem:

un+1
j = un

j − a
∆t
∆x

(
un

j − un
j−1 +

∆x− a∆t
2

(σn
j − σn

j−1)
)
,(4.16)

σn
j =

un
j+1 − un

j−1

2∆x
.(4.17)

The third solver is a high-fidelity, total variation diminishing (TVD) scheme.
The scheme is derived the same way as second order upwind scheme, except that
the slopes are chosen using the minimum modulus rule. The updates are given by

un+1
j = un

j − a
∆t
∆x

(
un

j − un
j−1 +

∆x− a∆t
2

(µn
j − µn

j−1)
)
,(4.18)

µn
j =

1
∆x

MinMod
(
un

j+1 − un
j , u

n
j − un

j−1

)
,(4.19)

MinMod(η1, η2) =

 η1, if |η1| < |η2|, and η1η2 > 0,
η2, if |η2| < |η1|, and η1η2 > 0,
0, otherwise.

(4.20)

It is now possible to define a system of labeling the numerical tests. Let the
approximation ũ of the solution u of (3.1) be constructed by taking finite volume
data generated by one of the above methods and performing a space-time recon-
struction of the data as described in Section 3.1. Given one of the quantities of
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Table 1. Convention for labeling initial conditions.

Initial condition IC1 IC2 IC3 IC4 IC5
Equation (4.1) (4.2) (4.3) (4.4) (4.5)

Table 2. Convention for labeling quantities of interest.

QOI Q1 Q2 Q3 Q4 Q5 Q6 Q7
Equation (4.6) (4.7) (4.8) (4.9) (4.10) (4.11) (4.12)

Table 3. Convention for labeling finite volume solvers.

Label FS1 or AS1 FS2 or AS2 FS3 or AS3
Solver order 1 upwind order 2 upwind high fidelity (MinMod)

interest implied by (4.6)-(4.11), let φ̃ be constructed in an analogous way as an
approximation to the solution φ of (3.11). The stencil shift index is taken to be
r = 1 (Section 3.1) in the tests, for both linear and quadratic reconstructions. Then
there is an associated error in the quantity of interest, eM(ũ), and a computable
estimate of this error, ẽM(ũ, φ̃), as defined in (3.15). The accuracy of this error
estimate will be denoted by

(4.21) acc(ũ, φ̃) = eM(ũ)− ẽM(ũ, φ̃).

In each case there are six choices to be made:
• Initial conditions for (3.1), denoted by ICk for k = 1, 2, . . . , 5
• Terminal conditions for (3.11), denoted by Qk for k = 1, 2, . . . , 6
• Forward finite volume solver, denoted by FSk for k = 1, 2, 3
• Adjoint finite volume solver, denoted by ASk for k = 1, 2, 3
• Spatial reconstruction, denoted by Rk for k = 1, 2, for both forward and

adjoint solutions.
Tables 1-3 makes the definitions precise. Each test is performed by first making
these six choice and performing a convergence analysis for the quantities eM(ũ),
ẽM(ũ, φ̃) and acc(ũ, φ̃). The following example describes the labeling of the tests.
The test label IC2-Q1-FS3R2-AS1R1 corresponds to choosing:

• Initial condition defined by (4.2)
• Adjoint terminal condition defined by (4.6)
• High-fidelity solver with piece-wise quadratic spatial reconstruction for the

forward solution
• First order upwind solver with piece-wise linear spatial reconstruction for

the forward solution

4.1. Fourier coefficient estimation. The results in this section pertain to the
first non-constant Fourier coefficient quantity of interest, (4.6). This is an example
where the solution of the adjoint problem is smooth. Then the results of Theorem
3.1 apply directly in this case for initial condition IC1 and also IC2, which is
sufficiently smooth for the tests performed. Also, the theory can be extended
to hold for IC3-IC4, understanding the convergence rate q in Theorem 3.1 will be
decreased according to the standard interpolation results with solutions in H1(ΩT ).
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The convergence rate q in Theorem 3.1 corresponds to the right-most convergence
rate column in the tables.

The fifth initial condition, containing discontinuities, is included as computa-
tional evidence of how well the adjoint error estimation technique developed herein
extends to the case of nonsmooth solutions. However, many methods of data re-
construction exist that address, in some form, the issue of discontinuities, e.g. [21],
unlike the reconstructions used in the tests of this report. As an example, if the
exact location (say z) of a discontinuity is known, one could define a grid with a
cell interface at that point. The reconstruction stencil could be shifted for the cells
on either side so as not to include the point z. Ways of identifying where disconti-
nuities may be are possible using divided differences, as defined in Lemma 3.1. The
application of such ideas should be explored in the current context.

4.1.1. Smooth initial condition with first order upwind. Tables 4-11 display the con-
vergence results with a smooth forward and adjoint problem using the first-order
upwind finite volume method for the forward problem. In Table 4 it is expected
that q = 2, as seen for the accuracy of the real part of the error estimate. A su-
perconvergence result is observed for the imaginary part of the error. This case
supports Theorem 3.1, as do all subsequent cases to which the theory applies di-
rectly. However, some important limitations of the theory are illuminated in the
test cases. Though the imaginary part of the error is estimated reasonably well
in Table 4, this could not be predicted since superconvergence results for eM need
not translate to similar results for acc(ũ, φ̃). We will return to this point later in
Section 4.1.2.

In Tables 5, 6 and 7, combinations of first and second order reconstructions are
employed for the adjoint and forward solution data. Since the solvers are both
first order, the theory predicts that there need not be any appreciable increase in
accuracy, as observed. Interestingly, in Table 8 the theory predicts q = 2, while
the values of acc(ũ, φ̃) are observed to converge at rate 3, in spite of a seemingly
suboptimal choice for the reconstruction of the adjoint data. It will be shown that
this is not the case in general, also in Section 4.1.2.

The reconstruction of the adjoint data is quadratic in Table 9, resulting in an
improvement in accuracy of the real part of the computable error estimate compared
with Table 8. Table 10 is an example where the reconstruction of the adjoint
data is theoretically suboptimal and the reconstruction of the forward solution
is superoptimal. The theory is not violated in this case, but fails to predict the
observed improvement in this case over test IC1 - Q1 - FS1 R1 - AS2 R1. The results
in Table 11, perhaps surprisingly, do not yield a significant difference compared with
tests IC1 - Q1 - FS1 R2 - AS2 R1 or IC1 - Q1 - FS1 R1 - AS2 R2. Even though the
latter tests involve one linear and one quadratic reconstruction, both resulting in
improvement over test IC1 - Q1 - FS1 R1 - AS2 R1, using quadratic reconstruction
for both the forward and adjoint solutions yields no further improvement.
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Table 4. Test: IC1 - Q1 - FS1 R1 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.4836e-02 -3.9500e-02 -5.3354e-03
70 60 -2.2951e-02 0.966 -2.1986e-02 0.845 -9.6505e-04 2.467

140 120 -1.1612e-02 0.983 -1.1421e-02 0.945 -1.9098e-04 2.337
280 240 -5.8403e-03 0.991 -5.7991e-03 0.978 -4.1209e-05 2.212
560 480 -2.9288e-03 0.996 -2.9193e-03 0.990 -9.4703e-06 2.121

1120 960 -1.4665e-03 0.998 -1.4643e-03 0.995 -2.2626e-06 2.065

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.3088e-03 -2.3810e-03 7.2240e-05
70 60 -5.8195e-04 1.988 -5.7316e-04 2.055 -8.7861e-06 3.039

140 120 -1.4600e-04 1.995 -1.4375e-04 1.995 -2.2575e-06 1.961
280 240 -3.6562e-05 1.998 -3.6206e-05 1.989 -3.5586e-07 2.665
560 480 -9.1477e-06 1.999 -9.0986e-06 1.993 -4.9121e-08 2.857

1120 960 -2.2878e-06 1.999 -2.2814e-06 1.996 -6.4312e-09 2.933

Table 5. Test: IC1 - Q1 - FS1 R1 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.4836e-02 -4.2713e-02 -2.1226e-03
70 60 -2.2951e-02 0.966 -2.2415e-02 0.930 -5.3646e-04 1.984

140 120 -1.1612e-02 0.983 -1.1476e-02 0.966 -1.3593e-04 1.981
280 240 -5.8403e-03 0.991 -5.8061e-03 0.983 -3.4243e-05 1.989
560 480 -2.9288e-03 0.996 -2.9202e-03 0.992 -8.5944e-06 1.994

1120 960 -1.4665e-03 0.998 -1.4644e-03 0.996 -2.1528e-06 1.997

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.3088e-03 -1.7847e-03 -5.2409e-04
70 60 -5.8195e-04 1.988 -5.3415e-04 1.740 -4.7795e-05 3.455

140 120 -1.4600e-04 1.995 -1.4126e-04 1.919 -4.7437e-06 3.333
280 240 -3.6562e-05 1.998 -3.6049e-05 1.970 -5.1265e-07 3.210
560 480 -9.1477e-06 1.999 -9.0887e-06 1.988 -5.8963e-08 3.120

1120 960 -2.2878e-06 1.999 -2.2808e-06 1.995 -7.0475e-09 3.065
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Table 6. Test: IC1 - Q1 - FS1 R2 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.4834e-02 -4.2767e-02 -2.0667e-03
70 60 -2.2951e-02 0.966 -2.2417e-02 0.932 -5.3465e-04 1.951

140 120 -1.1612e-02 0.983 -1.1476e-02 0.966 -1.3587e-04 1.976
280 240 -5.8403e-03 0.991 -5.8061e-03 0.983 -3.4241e-05 1.988
560 480 -2.9288e-03 0.996 -2.9202e-03 0.992 -8.5943e-06 1.994

1120 960 -1.4665e-03 0.998 -1.4644e-03 0.996 -2.1528e-06 1.997

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.1357e-03 -2.0966e-03 -3.9058e-05
70 60 -5.5916e-04 1.933 -5.4349e-04 1.948 -1.5667e-05 1.318

140 120 -1.4308e-04 1.966 -1.4040e-04 1.953 -2.6838e-06 2.545
280 240 -3.6192e-05 1.983 -3.5810e-05 1.971 -3.8236e-07 2.811
560 480 -9.1012e-06 1.992 -9.0505e-06 1.984 -5.0773e-08 2.913

1120 960 -2.2820e-06 1.996 -2.2755e-06 1.992 -6.5343e-09 2.958

Table 7. Test: IC1 - Q1 - FS1 R2 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.4834e-02 -4.2747e-02 -2.0862e-03
70 60 -2.2951e-02 0.966 -2.2416e-02 0.931 -5.3528e-04 1.963

140 120 -1.1612e-02 0.983 -1.1476e-02 0.966 -1.3589e-04 1.978
280 240 -5.8403e-03 0.991 -5.8061e-03 0.983 -3.4242e-05 1.989
560 480 -2.9288e-03 0.996 -2.9202e-03 0.992 -8.5944e-06 1.994

1120 960 -1.4665e-03 0.998 -1.4644e-03 0.996 -2.1528e-06 1.997

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.1357e-03 -1.9367e-03 -1.9900e-04
70 60 -5.5916e-04 1.933 -5.3291e-04 1.862 -2.6248e-05 2.923

140 120 -1.4308e-04 1.966 -1.3972e-04 1.931 -3.3618e-06 2.965
280 240 -3.6192e-05 1.983 -3.5767e-05 1.966 -4.2523e-07 2.983
560 480 -9.1012e-06 1.992 -9.0478e-06 1.983 -5.3467e-08 2.992

1120 960 -2.2820e-06 1.996 -2.2753e-06 1.992 -6.7031e-09 2.996
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Table 8. Test: IC1 - Q1 - FS1 R1 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.4836e-02 -4.1386e-02 -3.4497e-03
70 60 -2.2951e-02 0.966 -2.2509e-02 0.879 -4.4215e-04 2.964

140 120 -1.1612e-02 0.983 -1.1556e-02 0.962 -5.5853e-05 2.985
280 240 -5.8403e-03 0.991 -5.8333e-03 0.986 -7.0150e-06 2.993
560 480 -2.9288e-03 0.996 -2.9279e-03 0.994 -8.7887e-07 2.997

1120 960 -1.4665e-03 0.998 -1.4664e-03 0.998 -1.0998e-07 2.998

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.3088e-03 -2.6503e-03 3.4154e-04
70 60 -5.8195e-04 1.988 -6.0725e-04 2.126 2.5306e-05 3.755

140 120 -1.4600e-04 1.995 -1.4803e-04 2.036 2.0261e-06 3.643
280 240 -3.6562e-05 1.998 -3.6742e-05 2.010 1.8083e-07 3.486
560 480 -9.1477e-06 1.999 -9.1657e-06 2.003 1.8037e-08 3.326

1120 960 -2.2878e-06 1.999 -2.2898e-06 2.001 1.9681e-09 3.196

Table 9. Test: IC1 - Q1 - FS1 R1 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.4836e-02 -4.4756e-02 -7.9588e-05
70 60 -2.2951e-02 0.966 -2.2948e-02 0.964 -3.2952e-06 4.594

140 120 -1.1612e-02 0.983 -1.1612e-02 0.983 -1.5063e-07 4.451
280 240 -5.8403e-03 0.991 -5.8403e-03 0.991 -7.6481e-09 4.300
560 480 -2.9288e-03 0.996 -2.9288e-03 0.996 -4.2232e-10 4.179

1120 960 -1.4665e-03 0.998 -1.4665e-03 0.998 -2.4660e-11 4.098

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.3088e-03 -2.0373e-03 -2.7147e-04
70 60 -5.8195e-04 1.988 -5.6770e-04 1.843 -1.4244e-05 4.252

140 120 -1.4600e-04 1.995 -1.4553e-04 1.964 -4.7721e-07 4.900
280 240 -3.6562e-05 1.998 -3.6585e-05 1.992 2.3503e-08 4.344
560 480 -9.1477e-06 1.999 -9.1559e-06 1.998 8.1789e-09 1.523

1120 960 -2.2878e-06 1.999 -2.2892e-06 2.000 1.3511e-09 2.598
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Table 10. Test: IC1 - Q1 - FS1 R2 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.4834e-02 -4.4812e-02 -2.1677e-05
70 60 -2.2951e-02 0.966 -2.2950e-02 0.965 -1.4316e-06 3.920

140 120 -1.1612e-02 0.983 -1.1612e-02 0.983 -9.1689e-08 3.965
280 240 -5.8403e-03 0.991 -5.8403e-03 0.991 -5.7965e-09 3.983
560 480 -2.9288e-03 0.996 -2.9288e-03 0.996 -3.6429e-10 3.992

1120 960 -1.4665e-03 0.998 -1.4665e-03 0.998 -2.2840e-11 3.995

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.1357e-03 -2.3560e-03 2.2029e-04
70 60 -5.5916e-04 1.933 -5.7672e-04 2.030 1.7559e-05 3.649

140 120 -1.4308e-04 1.966 -1.4462e-04 1.996 1.5377e-06 3.513
280 240 -3.6192e-05 1.983 -3.6342e-05 1.993 1.5019e-07 3.356
560 480 -9.1012e-06 1.992 -9.1174e-06 1.995 1.6119e-08 3.220

1120 960 -2.2820e-06 1.996 -2.2838e-06 1.997 1.8481e-09 3.125

Table 11. Test: IC1 - Q1 - FS1 R2 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.4834e-02 -4.4792e-02 -4.1579e-05
70 60 -2.2951e-02 0.966 -2.2949e-02 0.965 -2.0721e-06 4.327

140 120 -1.1612e-02 0.983 -1.1612e-02 0.983 -1.1195e-07 4.210
280 240 -5.8403e-03 0.991 -5.8403e-03 0.991 -6.4329e-09 4.121
560 480 -2.9288e-03 0.996 -2.9288e-03 0.996 -3.8419e-10 4.066

1120 960 -1.4665e-03 0.998 -1.4665e-03 0.998 -2.3393e-11 4.038

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.1357e-03 -2.1882e-03 5.2532e-05
70 60 -5.5916e-04 1.933 -5.6588e-04 1.951 6.7242e-06 2.966

140 120 -1.4308e-04 1.966 -1.4394e-04 1.975 8.5172e-07 2.981
280 240 -3.6192e-05 1.983 -3.6299e-05 1.987 1.0707e-07 2.992
560 480 -9.1012e-06 1.992 -9.1146e-06 1.994 1.3417e-08 2.996

1120 960 -2.2820e-06 1.996 -2.2837e-06 1.997 1.6790e-09 2.998

4.1.2. Smooth initial condition with second order upwind. The second order upwind
finite volume method was applied for the tests represented in Tables 12 - 19. The
test IC1 - Q1 - FS2 R1 - AS1 R1 in Table 12 is an important example where the
accuracy of the real part of the computable error estimate is converging at the rate
3, consistent with Theorem 3.1, but the accuracy is poor relative to the size of the
true error. The theory would be strengthened if a method were to be developed
with a provable estimate of the form

(4.22)
∣∣∣eM(ũ)− ẽM(ũ, φ̃)

∣∣∣ ≤ C∆xq |eM(ũ)| .

In the a posteriori literature for elliptic type problems there is a measurement
of quality for the computable error estimate known at the effectivity index, (see
e.g. [1]), being the size of the ratio of the computable error estimate to the true
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error. More precisely, if ε is the effectivity index, then

(4.23) ε =

∣∣∣ẽM(ũ, φ̃)
∣∣∣

|eM(ũ)|
.

It is desirable to be able to say ε → 1 asymptotically. Clearly, this would follow
from the result (4.22). Such a result is not currently known to exist in the literature
for hyperbolic conservation laws. However, test IC1 - Q1 - FS2 R1 - AS1 R1 does
not represent a cause for concern in practice, since the reconstruction of the forward
solution chosen is suboptimal. This is fixed in test IC1 - Q1 - FS2 R2 - AS1 R1,
as seen in Table 14, and the accuracy is improved. Similar improvement is also
observed in Tables 13 and 15.

The improvement in the real part of the error estimate of Table 13 compared
to Table 12 is unexpected and not understood, as it is not clear why a higher
order reconstruction of data from a first order finite volume method should yield
an improvement in accuracy. It may be related to the fact that the quantity of
interest and computable error estimate all take the form of integrals, and the re-
construction operation is based on approximating the integral of the function being
reconstructed. There could be some cancellation of error related to integration
taken advantage of by the higher order reconstruction.

In Tables 16 - 19 both finite volume solvers are second order. A phenomenon is
observed similar to that of Tables 12 - 15, where the test with only linear reconstruc-
tions agrees with Theorem 3.1, but fails to yield an error estimate with a relative
accuracy that is decreasing with the grid size. Upon using quadratic reconstruction
for either the forward or adjoint data, the result is greatly improved. In Tables
17 - 19 the convergence rates for the accuracy are higher than the lower bound
predicted by Theorem 3.1. A difference with this set of tests versus the former set
using a first order adjoint solver is that using quadratic reconstruction for both the
forward and adjoint data is seen to yield the best accuracy on the finest grid. This
implies that, in the terminology of Theorem 3.1, one should choose reconstruction
operators to follow the rule pu ≥ su and pφ ≥ sφ.

Table 12. Test: IC1 - Q1 - FS2 R1 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.6629e-04 2.9809e-03 -3.4472e-03
70 60 -5.7522e-05 3.019 3.8455e-04 2.954 -4.4207e-04 2.963

140 120 -7.1318e-06 3.012 4.8719e-05 2.981 -5.5851e-05 2.985
280 240 -8.8752e-07 3.006 6.1274e-06 2.991 -7.0150e-06 2.993
560 480 -1.1068e-07 3.003 7.6818e-07 2.996 -8.7887e-07 2.997

1120 960 -1.3819e-08 3.002 9.6161e-08 2.998 -1.0998e-07 2.998

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 9.4943e-04 6.4163e-04 3.0780e-04
70 60 2.6707e-04 1.830 2.4395e-04 1.395 2.3118e-05 3.735

140 120 7.0125e-05 1.929 6.8238e-05 1.838 1.8874e-06 3.615
280 240 1.7928e-05 1.968 1.7756e-05 1.942 1.7210e-07 3.455
560 480 4.5302e-06 1.985 4.5127e-06 1.976 1.7490e-08 3.299

1120 960 1.1385e-06 1.992 1.1365e-06 1.989 1.9338e-09 3.177
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Table 13. Test: IC1 - Q1 - FS2 R1 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.6629e-04 -3.8783e-04 -7.8461e-05
70 60 -5.7522e-05 3.019 -5.4264e-05 2.837 -3.2584e-06 4.590

140 120 -7.1318e-06 3.012 -6.9824e-06 2.958 -1.4946e-07 4.446
280 240 -8.8752e-07 3.006 -8.7991e-07 2.988 -7.6112e-09 4.295
560 480 -1.1068e-07 3.003 -1.1026e-07 2.996 -4.2116e-10 4.176

1120 960 -1.3819e-08 3.002 -1.3794e-08 2.999 -2.4625e-11 4.096

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 9.4943e-04 1.2378e-03 -2.8835e-04
70 60 2.6707e-04 1.830 2.8241e-04 2.132 -1.5338e-05 4.233

140 120 7.0125e-05 1.929 7.0672e-05 1.999 -5.4659e-07 4.810
280 240 1.7928e-05 1.968 1.7909e-05 1.980 1.9137e-08 4.836
560 480 4.5302e-06 1.985 4.5223e-06 1.986 7.9052e-09 1.276

1120 960 1.1385e-06 1.992 1.1371e-06 1.992 1.3340e-09 2.567

Table 14. Test: IC1 - Q1 - FS2 R2 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.6540e-04 -4.4509e-04 -2.0314e-05
70 60 -5.7453e-05 3.018 -5.6066e-05 2.989 -1.3871e-06 3.872

140 120 -7.1271e-06 3.011 -7.0368e-06 2.994 -9.0276e-08 3.942
280 240 -8.8721e-07 3.006 -8.8146e-07 2.997 -5.7520e-09 3.972
560 480 -1.1066e-07 3.003 -1.1030e-07 2.998 -3.6290e-10 3.986

1120 960 -1.3818e-08 3.002 -1.3795e-08 2.999 -2.2796e-11 3.993

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 1.1394e-03 9.3597e-04 2.0343e-04
70 60 2.9095e-04 1.969 2.7449e-04 1.770 1.6466e-05 3.627

140 120 7.3114e-05 1.993 7.1646e-05 1.938 1.4684e-06 3.487
280 240 1.8302e-05 1.998 1.8156e-05 1.980 1.4582e-07 3.332
560 480 4.5769e-06 2.000 4.5611e-06 1.993 1.5845e-08 3.202

1120 960 1.1443e-06 2.000 1.1425e-06 1.997 1.8309e-09 3.113
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Table 15. Test: IC1 - Q1 - FS2 R2 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.6540e-04 -4.2382e-04 -4.1579e-05
70 60 -5.7453e-05 3.018 -5.5381e-05 2.936 -2.0721e-06 4.327

140 120 -7.1271e-06 3.011 -7.0151e-06 2.981 -1.1195e-07 4.210
280 240 -8.8721e-07 3.006 -8.8077e-07 2.994 -6.4329e-09 4.121
560 480 -1.1066e-07 3.003 -1.1028e-07 2.998 -3.8419e-10 4.066

1120 960 -1.3818e-08 3.002 -1.3794e-08 2.999 -2.3393e-11 4.038

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 1.1394e-03 1.0869e-03 5.2532e-05
70 60 2.9095e-04 1.969 2.8423e-04 1.935 6.7242e-06 2.966

140 120 7.3114e-05 1.993 7.2263e-05 1.976 8.5172e-07 2.981
280 240 1.8302e-05 1.998 1.8195e-05 1.990 1.0707e-07 2.992
560 480 4.5769e-06 2.000 4.5635e-06 1.995 1.3417e-08 2.996

1120 960 1.1443e-06 2.000 1.1426e-06 1.998 1.6790e-09 2.998

Table 16. Test: IC1 - Q1 - FS2 R1 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.6629e-04 3.1196e-03 -3.5859e-03
70 60 -5.7522e-05 3.019 3.9342e-04 2.987 -4.5095e-04 2.991

140 120 -7.1318e-06 3.012 4.9278e-05 2.997 -5.6410e-05 2.999
280 240 -8.8752e-07 3.006 6.1625e-06 2.999 -7.0500e-06 3.000
560 480 -1.1068e-07 3.003 7.7038e-07 3.000 -8.8106e-07 3.000

1120 960 -1.3819e-08 3.002 9.6298e-08 3.000 -1.1012e-07 3.000

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 9.4943e-04 6.7391e-04 2.7551e-04
70 60 2.6707e-04 1.830 2.4950e-04 1.434 1.7570e-05 3.971

140 120 7.0125e-05 1.929 6.9018e-05 1.854 1.1072e-06 3.988
280 240 1.7928e-05 1.968 1.7859e-05 1.950 6.9455e-08 3.995
560 480 4.5302e-06 1.985 4.5259e-06 1.980 4.3484e-09 3.998

1120 960 1.1385e-06 1.992 1.1382e-06 1.991 2.7200e-10 3.999
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Table 17. Test: IC1 - Q1 - FS2 R1 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.6629e-04 -4.1128e-04 -5.5011e-05
70 60 -5.7522e-05 3.019 -5.5821e-05 2.881 -1.7015e-06 5.015

140 120 -7.1318e-06 3.012 -7.0811e-06 2.979 -5.0735e-08 5.068
280 240 -8.8752e-07 3.006 -8.8610e-07 2.998 -1.4205e-09 5.158
560 480 -1.1068e-07 3.003 -1.1065e-07 3.001 -3.3975e-11 5.386

1120 960 -1.3819e-08 3.002 -1.3819e-08 3.001 -4.2334e-13 6.327

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 9.4943e-04 1.2861e-03 -3.3668e-04
70 60 2.6707e-04 1.830 2.8847e-04 2.156 -2.1404e-05 3.975

140 120 7.0125e-05 1.929 7.1468e-05 2.013 -1.3431e-06 3.994
280 240 1.7928e-05 1.968 1.8012e-05 1.988 -8.4022e-08 3.999
560 480 4.5302e-06 1.985 4.5355e-06 1.990 -5.2524e-09 4.000

1120 960 1.1385e-06 1.992 1.1388e-06 1.994 -3.2828e-10 4.000

Table 18. Test: IC1 - Q1 - FS2 R2 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.6540e-04 -4.7075e-04 5.3451e-06
70 60 -5.7453e-05 3.018 -5.7677e-05 3.029 2.2426e-07 4.575

140 120 -7.1271e-06 3.011 -7.1370e-06 3.015 9.8985e-09 4.502
280 240 -8.8721e-07 3.006 -8.8769e-07 3.007 4.8007e-10 4.366
560 480 -1.1066e-07 3.003 -1.1069e-07 3.004 2.5519e-11 4.234

1120 960 -1.3818e-08 3.002 -1.3819e-08 3.002 1.4415e-12 4.146

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 1.1394e-03 9.7840e-04 1.6100e-04
70 60 2.9095e-04 1.969 2.8092e-04 1.800 1.0035e-05 4.004

140 120 7.3114e-05 1.993 7.2489e-05 1.954 6.2541e-07 4.004
280 240 1.8302e-05 1.998 1.8263e-05 1.989 3.9020e-08 4.003
560 480 4.5769e-06 2.000 4.5745e-06 1.997 2.4365e-09 4.001

1120 960 1.1443e-06 2.000 1.1442e-06 1.999 1.5220e-10 4.001
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Table 19. Test: IC1 - Q1 - FS2 R2 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.6540e-04 -4.4903e-04 -1.6376e-05
70 60 -5.7453e-05 3.018 -5.6985e-05 2.978 -4.6813e-07 5.129

140 120 -7.1271e-06 3.011 -7.1152e-06 3.002 -1.1891e-08 5.299
280 240 -8.8721e-07 3.006 -8.8700e-07 3.004 -2.0278e-10 5.874
560 480 -1.1066e-07 3.003 -1.1067e-07 3.003 4.1911e-12 5.596

1120 960 -1.3818e-08 3.002 -1.3819e-08 3.002 8.4486e-13 2.311

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 1.1394e-03 1.1366e-03 2.8316e-06
70 60 2.9095e-04 1.969 2.9089e-04 1.966 6.1749e-08 5.519

140 120 7.3114e-05 1.993 7.3113e-05 1.992 1.4886e-09 5.374
280 240 1.8302e-05 1.998 1.8302e-05 1.998 3.9477e-11 5.237
560 480 4.5769e-06 2.000 4.5769e-06 2.000 1.1228e-12 5.136

1120 960 1.1443e-06 2.000 1.1443e-06 2.000 3.3502e-14 5.067

4.1.3. Smooth initial condition with TVD method. The results in Tables 20 - 27
correspond to tests using the high-fidelity TVD method for the forward problem.
This is a nonlinear method and loses accuracy at solution extrema. The conv-
erence rate of the cell averages may be considered as su = 4/3, which has been
verified computationally. The results show that for the quantity of interest Q1, the
convergence rate of the error eM(ũ) is always 2, in contrast to the results using
second order upwind for the forward problem which were sometimes as high as 3.
An interesting byproduct is that the computable error estimates using only linear
reconstruction both in Table 20 and Table 24 are more accurate relative to the
size of the true error than when the second order upwind method was used for the
forward solution.

Again, the results in these two tables are not as pessimistic as predicted by
Theorem 3.1. This is possibly related to the particular choices of initial condition
for the forward problem and the quantity of interest. Other choices are explored
later. The results, otherwise, are as observed in Section 4.1.2 in that when the
adjoint method is first order there is not a significant difference in the results
using a linear reconstruction for one of the forward or adjoint solution data versus
quadratic for the other, or using quadratic for both, as long as they are not both
chosen to be linear. However, when the adjoint method is second order, the best
result comes from using quadratic reconstruction for both the forward and adjoint
data.
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Table 20. Test: IC1 - Q1 - FS3 R1 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.8256e-03 -2.4090e-04 -3.5847e-03
70 60 -8.6746e-04 2.141 -4.0721e-04 -0.757 -4.6025e-04 2.961

140 120 -2.0588e-04 2.075 -1.4773e-04 1.463 -5.8146e-05 2.985
280 240 -5.0152e-05 2.037 -4.2849e-05 1.786 -7.3024e-06 2.993
560 480 -1.2382e-05 2.018 -1.1467e-05 1.902 -9.1481e-07 2.997

1120 960 -3.0769e-06 2.009 -2.9624e-06 1.953 -1.1447e-07 2.998

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 6.7291e-04 3.8310e-04 2.8981e-04
70 60 2.3527e-04 1.516 2.1329e-04 0.845 2.1983e-05 3.721

140 120 6.6322e-05 1.827 6.4506e-05 1.725 1.8162e-06 3.597
280 240 1.7463e-05 1.925 1.7295e-05 1.899 1.6764e-07 3.437
560 480 4.4725e-06 1.965 4.4553e-06 1.957 1.7211e-08 3.284

1120 960 1.1313e-06 1.983 1.1294e-06 1.980 1.9163e-09 3.167

Table 21. Test: IC1 - Q1 - FS3 R1 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.8256e-03 -3.5982e-03 -2.2732e-04
70 60 -8.6746e-04 2.141 -8.4567e-04 2.089 -2.1788e-05 3.383

140 120 -2.0588e-04 2.075 -2.0342e-04 2.056 -2.4559e-06 3.149
280 240 -5.0152e-05 2.037 -4.9856e-05 2.029 -2.9538e-07 3.056
560 480 -1.2382e-05 2.018 -1.2345e-05 2.014 -3.6369e-08 3.022

1120 960 -3.0769e-06 2.009 -3.0723e-06 2.007 -4.5176e-09 3.009

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 6.7291e-04 9.7938e-04 -3.0647e-04
70 60 2.3527e-04 1.516 2.5177e-04 1.960 -1.6494e-05 4.216

140 120 6.6322e-05 1.827 6.6941e-05 1.911 -6.1870e-07 4.737
280 240 1.7463e-05 1.925 1.7448e-05 1.940 1.4644e-08 5.401
560 480 4.4725e-06 1.965 4.4649e-06 1.966 7.6248e-09 0.942

1120 960 1.1313e-06 1.983 1.1300e-06 1.982 1.3165e-09 2.534
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Table 22. Test: IC1 - Q1 - FS3 R2 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.8246e-03 -3.6552e-03 -1.6934e-04
70 60 -8.6739e-04 2.141 -8.4747e-04 2.109 -1.9919e-05 3.088

140 120 -2.0587e-04 2.075 -2.0347e-04 2.058 -2.3968e-06 3.055
280 240 -5.0152e-05 2.037 -4.9858e-05 2.029 -2.9352e-07 3.030
560 480 -1.2382e-05 2.018 -1.2345e-05 2.014 -3.6311e-08 3.015

1120 960 -3.0769e-06 2.009 -3.0723e-06 2.007 -4.5158e-09 3.007

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 8.6160e-04 6.7674e-04 1.8486e-04
70 60 2.5912e-04 1.733 2.4380e-04 1.473 1.5322e-05 3.593

140 120 6.9310e-05 1.902 6.7913e-05 1.844 1.3970e-06 3.455
280 240 1.7836e-05 1.958 1.7695e-05 1.940 1.4136e-07 3.305
560 480 4.5193e-06 1.981 4.5037e-06 1.974 1.5566e-08 3.183

1120 960 1.1371e-06 1.991 1.1353e-06 1.988 1.8134e-09 3.102

Table 23. Test: IC1 - Q1 - FS3 R2 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.8246e-03 -3.6341e-03 -1.9047e-04
70 60 -8.6739e-04 2.141 -8.4679e-04 2.102 -2.0602e-05 3.209

140 120 -2.0587e-04 2.075 -2.0345e-04 2.057 -2.4184e-06 3.091
280 240 -5.0152e-05 2.037 -4.9857e-05 2.029 -2.9420e-07 3.039
560 480 -1.2382e-05 2.018 -1.2345e-05 2.014 -3.6332e-08 3.017

1120 960 -3.0769e-06 2.009 -3.0723e-06 2.007 -4.5164e-09 3.008

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 8.6160e-04 8.2834e-04 3.3258e-05
70 60 2.5912e-04 1.733 2.5357e-04 1.708 5.5501e-06 2.583

140 120 6.9310e-05 1.902 6.8531e-05 1.888 7.7933e-07 2.832
280 240 1.7836e-05 1.958 1.7734e-05 1.950 1.0257e-07 2.926
560 480 4.5193e-06 1.981 4.5061e-06 1.977 1.3136e-08 2.965

1120 960 1.1371e-06 1.991 1.1355e-06 1.989 1.6615e-09 2.983
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Table 24. Test: IC1 - Q1 - FS3 R1 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.8256e-03 -2.4955e-04 -3.5760e-03
70 60 -8.6746e-04 2.141 -4.1682e-04 -0.740 -4.5064e-04 2.988

140 120 -2.0588e-04 2.075 -1.4947e-04 1.480 -5.6400e-05 2.998
280 240 -5.0152e-05 2.037 -4.3102e-05 1.794 -7.0497e-06 3.000
560 480 -1.2382e-05 2.018 -1.1501e-05 1.906 -8.8106e-07 3.000

1120 960 -3.0769e-06 2.009 -2.9667e-06 1.955 -1.1012e-07 3.000

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 6.7291e-04 3.9247e-04 2.8043e-04
70 60 2.3527e-04 1.516 2.1743e-04 0.852 1.7840e-05 3.975

140 120 6.6322e-05 1.827 6.5199e-05 1.738 1.1228e-06 3.990
280 240 1.7463e-05 1.925 1.7392e-05 1.906 7.0391e-08 3.996
560 480 4.4725e-06 1.965 4.4681e-06 1.961 4.4057e-09 3.998

1120 960 1.1313e-06 1.983 1.1310e-06 1.982 2.7554e-10 3.999

Table 25. Test: IC1 - Q1 - FS3 R1 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.8256e-03 -3.7687e-03 -5.6836e-05
70 60 -8.6746e-04 2.141 -8.6570e-04 2.122 -1.7573e-06 5.015

140 120 -2.0588e-04 2.075 -2.0582e-04 2.072 -5.2437e-08 5.067
280 240 -5.0152e-05 2.037 -5.0150e-05 2.037 -1.4729e-09 5.154
560 480 -1.2382e-05 2.018 -1.2382e-05 2.018 -3.5601e-11 5.371

1120 960 -3.0769e-06 2.009 -3.0769e-06 2.009 -4.7301e-13 6.234

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 6.7291e-04 1.0048e-03 -3.3194e-04
70 60 2.3527e-04 1.516 2.5643e-04 1.970 -2.1155e-05 3.972

140 120 6.6322e-05 1.827 6.7651e-05 1.922 -1.3284e-06 3.993
280 240 1.7463e-05 1.925 1.7546e-05 1.947 -8.3118e-08 3.998
560 480 4.4725e-06 1.965 4.4777e-06 1.970 -5.1962e-09 4.000

1120 960 1.1313e-06 1.983 1.1316e-06 1.984 -3.2478e-10 4.000
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Table 26. Test: IC1 - Q1 - FS3 R2 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.8246e-03 -3.8279e-03 3.3371e-06
70 60 -8.6739e-04 2.141 -8.6756e-04 2.142 1.6623e-07 4.327

140 120 -2.0587e-04 2.075 -2.0588e-04 2.075 8.1668e-09 4.347
280 240 -5.0152e-05 2.037 -5.0152e-05 2.037 4.2723e-10 4.257
560 480 -1.2382e-05 2.018 -1.2382e-05 2.018 2.3887e-11 4.161

1120 960 -3.0769e-06 2.009 -3.0769e-06 2.009 1.3914e-12 4.102

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 8.6160e-04 6.9625e-04 1.6535e-04
70 60 2.5912e-04 1.733 2.4882e-04 1.484 1.0297e-05 4.005

140 120 6.9310e-05 1.902 6.8670e-05 1.857 6.4092e-07 4.006
280 240 1.7836e-05 1.958 1.7796e-05 1.948 3.9955e-08 4.004
560 480 4.5193e-06 1.981 4.5168e-06 1.978 2.4937e-09 4.002

1120 960 1.1371e-06 1.991 1.1370e-06 1.990 1.5574e-10 4.001

Table 27. Test: IC1 - Q1 - FS3 R2 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.8246e-03 -3.8063e-03 -1.8240e-05
70 60 -8.6739e-04 2.141 -8.6687e-04 2.135 -5.2426e-07 5.121

140 120 -2.0587e-04 2.075 -2.0586e-04 2.074 -1.3596e-08 5.269
280 240 -5.0152e-05 2.037 -5.0151e-05 2.037 -2.5522e-10 5.735
560 480 -1.2382e-05 2.018 -1.2382e-05 2.018 2.5653e-12 6.636

1120 960 -3.0769e-06 2.009 -3.0769e-06 2.009 7.9479e-13 1.690

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 8.6160e-04 8.5516e-04 6.4388e-06
70 60 2.5912e-04 1.733 2.5882e-04 1.724 2.9318e-07 4.457

140 120 6.9310e-05 1.902 6.9294e-05 1.901 1.5930e-08 4.202
280 240 1.7836e-05 1.958 1.7835e-05 1.958 9.3912e-10 4.084
560 480 4.5193e-06 1.981 4.5192e-06 1.981 5.7240e-11 4.036

1120 960 1.1371e-06 1.991 1.1371e-06 1.991 3.5376e-12 4.016

4.1.4. Some results using a C7 initial condition. The behavior in these tests seems
to be the same as with the smooth initial condition. The tests are included here
for reference. The similarity of these tests with the case where the initial condition
is smooth is not surprising, since the methods we are looking at do not distinguish
between a C7 and smooth function.
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Table 28. Test: IC2 - Q1 - FS1 R1 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.1599e-02 -1.0218e-02 -1.3802e-03
70 60 -5.9373e-03 0.966 -5.6876e-03 0.845 -2.4965e-04 2.467

140 120 -3.0039e-03 0.983 -2.9545e-03 0.945 -4.9404e-05 2.337
280 240 -1.5108e-03 0.991 -1.5002e-03 0.978 -1.0660e-05 2.212
560 480 -7.5764e-04 0.996 -7.5519e-04 0.990 -2.4499e-06 2.121

1120 960 -3.7938e-04 0.998 -3.7879e-04 0.995 -5.8532e-07 2.065

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -5.9726e-04 -6.1595e-04 1.8688e-05
70 60 -1.5054e-04 1.988 -1.4827e-04 2.055 -2.2729e-06 3.039

140 120 -3.7770e-05 1.995 -3.7186e-05 1.995 -5.8399e-07 1.961
280 240 -9.4581e-06 1.998 -9.3660e-06 1.989 -9.2057e-08 2.665
560 480 -2.3664e-06 1.999 -2.3537e-06 1.993 -1.2707e-08 2.857

1120 960 -5.9184e-07 1.999 -5.9017e-07 1.996 -1.6637e-09 2.933

Table 29. Test: IC2 - Q1 - FS1 R1 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.1599e-02 -1.1049e-02 -5.4909e-04
70 60 -5.9373e-03 0.966 -5.7985e-03 0.930 -1.3878e-04 1.984

140 120 -3.0039e-03 0.983 -2.9687e-03 0.966 -3.5163e-05 1.981
280 240 -1.5108e-03 0.991 -1.5020e-03 0.983 -8.8584e-06 1.989
560 480 -7.5764e-04 0.996 -7.5542e-04 0.992 -2.2233e-06 1.994

1120 960 -3.7938e-04 0.998 -3.7882e-04 0.996 -5.5691e-07 1.997

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -5.9726e-04 -4.6168e-04 -1.3558e-04
70 60 -1.5054e-04 1.988 -1.3818e-04 1.740 -1.2364e-05 3.455

140 120 -3.7770e-05 1.995 -3.6543e-05 1.919 -1.2271e-06 3.333
280 240 -9.4581e-06 1.998 -9.3255e-06 1.970 -1.3262e-07 3.210
560 480 -2.3664e-06 1.999 -2.3512e-06 1.988 -1.5253e-08 3.120

1120 960 -5.9184e-07 1.999 -5.9001e-07 1.995 -1.8231e-09 3.065
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Table 30. Test: IC2 - Q1 - FS1 R2 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.1598e-02 -1.1063e-02 -5.3463e-04
70 60 -5.9372e-03 0.966 -5.7989e-03 0.932 -1.3831e-04 1.951

140 120 -3.0039e-03 0.983 -2.9687e-03 0.966 -3.5149e-05 1.976
280 240 -1.5108e-03 0.991 -1.5020e-03 0.983 -8.8579e-06 1.988
560 480 -7.5764e-04 0.996 -7.5542e-04 0.992 -2.2233e-06 1.994

1120 960 -3.7938e-04 0.998 -3.7882e-04 0.996 -5.5691e-07 1.997

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -5.5248e-04 -5.4238e-04 -1.0104e-05
70 60 -1.4465e-04 1.933 -1.4060e-04 1.948 -4.0528e-06 1.318

140 120 -3.7015e-05 1.966 -3.6320e-05 1.953 -6.9427e-07 2.545
280 240 -9.3625e-06 1.983 -9.2636e-06 1.971 -9.8914e-08 2.811
560 480 -2.3544e-06 1.992 -2.3413e-06 1.984 -1.3135e-08 2.913

1120 960 -5.9033e-07 1.996 -5.8864e-07 1.992 -1.6903e-09 2.958

Table 31. Test: IC2 - Q1 - FS1 R2 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.1598e-02 -1.1058e-02 -5.3969e-04
70 60 -5.9372e-03 0.966 -5.7988e-03 0.931 -1.3847e-04 1.963

140 120 -3.0039e-03 0.983 -2.9687e-03 0.966 -3.5154e-05 1.978
280 240 -1.5108e-03 0.991 -1.5020e-03 0.983 -8.8581e-06 1.989
560 480 -7.5764e-04 0.996 -7.5542e-04 0.992 -2.2233e-06 1.994

1120 960 -3.7938e-04 0.998 -3.7882e-04 0.996 -5.5691e-07 1.997

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -5.5248e-04 -5.0100e-04 -5.1480e-05
70 60 -1.4465e-04 1.933 -1.3786e-04 1.862 -6.7901e-06 2.923

140 120 -3.7015e-05 1.966 -3.6145e-05 1.931 -8.6965e-07 2.965
280 240 -9.3625e-06 1.983 -9.2525e-06 1.966 -1.1000e-07 2.983
560 480 -2.3544e-06 1.992 -2.3406e-06 1.983 -1.3831e-08 2.992

1120 960 -5.9033e-07 1.996 -5.8859e-07 1.992 -1.7340e-09 2.996
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Table 32. Test: IC2 - Q1 - FS1 R1 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.1599e-02 -1.0706e-02 -8.9239e-04
70 60 -5.9373e-03 0.966 -5.8229e-03 0.879 -1.1438e-04 2.964

140 120 -3.0039e-03 0.983 -2.9894e-03 0.962 -1.4449e-05 2.985
280 240 -1.5108e-03 0.991 -1.5090e-03 0.986 -1.8147e-06 2.993
560 480 -7.5764e-04 0.996 -7.5741e-04 0.994 -2.2735e-07 2.997

1120 960 -3.7938e-04 0.998 -3.7935e-04 0.998 -2.8451e-08 2.998

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -5.9726e-04 -6.8561e-04 8.8354e-05
70 60 -1.5054e-04 1.988 -1.5709e-04 2.126 6.5463e-06 3.755

140 120 -3.7770e-05 1.995 -3.8294e-05 2.036 5.2414e-07 3.643
280 240 -9.4581e-06 1.998 -9.5049e-06 2.010 4.6779e-08 3.486
560 480 -2.3664e-06 1.999 -2.3711e-06 2.003 4.6661e-09 3.326

1120 960 -5.9184e-07 1.999 -5.9234e-07 2.001 5.0912e-10 3.196

Table 33. Test: IC2 - Q1 - FS1 R1 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.1599e-02 -1.1578e-02 -2.0589e-05
70 60 -5.9373e-03 0.966 -5.9364e-03 0.964 -8.5245e-07 4.594

140 120 -3.0039e-03 0.983 -3.0039e-03 0.983 -3.8966e-08 4.451
280 240 -1.5108e-03 0.991 -1.5108e-03 0.991 -1.9785e-09 4.300
560 480 -7.5764e-04 0.996 -7.5764e-04 0.996 -1.0925e-10 4.179

1120 960 -3.7938e-04 0.998 -3.7938e-04 0.998 -6.3794e-12 4.098

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -5.9726e-04 -5.2703e-04 -7.0226e-05
70 60 -1.5054e-04 1.988 -1.4686e-04 1.843 -3.6847e-06 4.252

140 120 -3.7770e-05 1.995 -3.7646e-05 1.964 -1.2345e-07 4.900
280 240 -9.4581e-06 1.998 -9.4642e-06 1.992 6.0800e-09 4.344
560 480 -2.3664e-06 1.999 -2.3685e-06 1.998 2.1158e-09 1.523

1120 960 -5.9184e-07 1.999 -5.9219e-07 2.000 3.4953e-10 2.598
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Table 34. Test: IC2 - Q1 - FS1 R2 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.1598e-02 -1.1592e-02 -5.6077e-06
70 60 -5.9372e-03 0.966 -5.9369e-03 0.965 -3.7033e-07 3.920

140 120 -3.0039e-03 0.983 -3.0039e-03 0.983 -2.3719e-08 3.965
280 240 -1.5108e-03 0.991 -1.5108e-03 0.991 -1.4995e-09 3.983
560 480 -7.5764e-04 0.996 -7.5764e-04 0.996 -9.4239e-11 3.992

1120 960 -3.7938e-04 0.998 -3.7938e-04 0.998 -5.9084e-12 3.995

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -5.5248e-04 -6.0947e-04 5.6987e-05
70 60 -1.4465e-04 1.933 -1.4919e-04 2.030 4.5424e-06 3.649

140 120 -3.7015e-05 1.966 -3.7412e-05 1.996 3.9780e-07 3.513
280 240 -9.3625e-06 1.983 -9.4014e-06 1.993 3.8853e-08 3.356
560 480 -2.3544e-06 1.992 -2.3586e-06 1.995 4.1698e-09 3.220

1120 960 -5.9033e-07 1.996 -5.9081e-07 1.997 4.7807e-10 3.125

Table 35. Test: IC2 - Q1 - FS1 R2 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.1598e-02 -1.1587e-02 -1.0756e-05
70 60 -5.9372e-03 0.966 -5.9367e-03 0.965 -5.3603e-07 4.327

140 120 -3.0039e-03 0.983 -3.0039e-03 0.983 -2.8959e-08 4.210
280 240 -1.5108e-03 0.991 -1.5108e-03 0.991 -1.6641e-09 4.121
560 480 -7.5764e-04 0.996 -7.5764e-04 0.996 -9.9387e-11 4.066

1120 960 -3.7938e-04 0.998 -3.7938e-04 0.998 -6.0514e-12 4.038

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -5.5248e-04 -5.6607e-04 1.3590e-05
70 60 -1.4465e-04 1.933 -1.4639e-04 1.951 1.7395e-06 2.966

140 120 -3.7015e-05 1.966 -3.7235e-05 1.975 2.2033e-07 2.981
280 240 -9.3625e-06 1.983 -9.3902e-06 1.987 2.7699e-08 2.992
560 480 -2.3544e-06 1.992 -2.3579e-06 1.994 3.4708e-09 2.996

1120 960 -5.9033e-07 1.996 -5.9076e-07 1.997 4.3434e-10 2.998
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Table 36. Test: IC2 - Q1 - FS2 R1 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.2063e-04 7.7112e-04 -8.9175e-04
70 60 -1.4880e-05 3.019 9.9479e-05 2.954 -1.1436e-04 2.963

140 120 -1.8449e-06 3.012 1.2603e-05 2.981 -1.4448e-05 2.985
280 240 -2.2959e-07 3.006 1.5851e-06 2.991 -1.8147e-06 2.993
560 480 -2.8633e-08 3.003 1.9872e-07 2.996 -2.2735e-07 2.997

1120 960 -3.5749e-09 3.002 2.4876e-08 2.998 -2.8451e-08 2.998

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 2.4561e-04 1.6598e-04 7.9624e-05
70 60 6.9088e-05 1.830 6.3108e-05 1.395 5.9805e-06 3.735

140 120 1.8141e-05 1.929 1.7652e-05 1.838 4.8824e-07 3.615
280 240 4.6378e-06 1.968 4.5933e-06 1.942 4.4521e-08 3.455
560 480 1.1719e-06 1.985 1.1674e-06 1.976 4.5245e-09 3.299

1120 960 2.9451e-07 1.992 2.9401e-07 1.989 5.0025e-10 3.177

Table 37. Test: IC2 - Q1 - FS2 R1 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.2063e-04 -1.0033e-04 -2.0297e-05
70 60 -1.4880e-05 3.019 -1.4037e-05 2.837 -8.4293e-07 4.590

140 120 -1.8449e-06 3.012 -1.8063e-06 2.958 -3.8663e-08 4.446
280 240 -2.2959e-07 3.006 -2.2762e-07 2.988 -1.9689e-09 4.295
560 480 -2.8633e-08 3.003 -2.8524e-08 2.996 -1.0895e-10 4.176

1120 960 -3.5749e-09 3.002 -3.5685e-09 2.999 -6.3704e-12 4.096

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 2.4561e-04 3.2020e-04 -7.4594e-05
70 60 6.9088e-05 1.830 7.3056e-05 2.132 -3.9677e-06 4.233

140 120 1.8141e-05 1.929 1.8282e-05 1.999 -1.4140e-07 4.810
280 240 4.6378e-06 1.968 4.6329e-06 1.980 4.9507e-09 4.836
560 480 1.1719e-06 1.985 1.1699e-06 1.986 2.0450e-09 1.276

1120 960 2.9451e-07 1.992 2.9417e-07 1.992 3.4510e-10 2.567
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Table 38. Test: IC2 - Q1 - FS2 R2 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.2039e-04 -1.1514e-04 -5.2550e-06
70 60 -1.4862e-05 3.018 -1.4504e-05 2.989 -3.5884e-07 3.872

140 120 -1.8437e-06 3.011 -1.8203e-06 2.994 -2.3353e-08 3.942
280 240 -2.2951e-07 3.006 -2.2802e-07 2.997 -1.4880e-09 3.972
560 480 -2.8627e-08 3.003 -2.8534e-08 2.998 -9.3877e-11 3.986

1120 960 -3.5745e-09 3.002 -3.5686e-09 2.999 -5.8971e-12 3.993

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 2.9475e-04 2.4213e-04 5.2624e-05
70 60 7.5267e-05 1.969 7.1007e-05 1.770 4.2595e-06 3.627

140 120 1.8914e-05 1.993 1.8534e-05 1.938 3.7985e-07 3.487
280 240 4.7345e-06 1.998 4.6968e-06 1.980 3.7723e-08 3.332
560 480 1.1840e-06 2.000 1.1799e-06 1.993 4.0990e-09 3.202

1120 960 2.9602e-07 2.000 2.9555e-07 1.997 4.7364e-10 3.113

Table 39. Test: IC2 - Q1 - FS2 R2 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.2039e-04 -1.0964e-04 -1.0756e-05
70 60 -1.4862e-05 3.018 -1.4326e-05 2.936 -5.3603e-07 4.327

140 120 -1.8437e-06 3.011 -1.8147e-06 2.981 -2.8959e-08 4.210
280 240 -2.2951e-07 3.006 -2.2785e-07 2.994 -1.6641e-09 4.121
560 480 -2.8627e-08 3.003 -2.8528e-08 2.998 -9.9387e-11 4.066

1120 960 -3.5745e-09 3.002 -3.5685e-09 2.999 -6.0517e-12 4.038

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 2.9475e-04 2.8116e-04 1.3590e-05
70 60 7.5267e-05 1.969 7.3527e-05 1.935 1.7395e-06 2.966

140 120 1.8914e-05 1.993 1.8694e-05 1.976 2.2033e-07 2.981
280 240 4.7345e-06 1.998 4.7068e-06 1.990 2.7699e-08 2.992
560 480 1.1840e-06 2.000 1.1805e-06 1.995 3.4708e-09 2.996

1120 960 2.9602e-07 2.000 2.9559e-07 1.998 4.3434e-10 2.998
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Table 40. Test: IC2 - Q1 - FS2 R1 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.2063e-04 8.0701e-04 -9.2764e-04
70 60 -1.4880e-05 3.019 1.0177e-04 2.987 -1.1665e-04 2.991

140 120 -1.8449e-06 3.012 1.2748e-05 2.997 -1.4593e-05 2.999
280 240 -2.2959e-07 3.006 1.5942e-06 2.999 -1.8238e-06 3.000
560 480 -2.8633e-08 3.003 1.9929e-07 3.000 -2.2792e-07 3.000

1120 960 -3.5749e-09 3.002 2.4911e-08 3.000 -2.8486e-08 3.000

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 2.4561e-04 1.7433e-04 7.1272e-05
70 60 6.9088e-05 1.830 6.4543e-05 1.434 4.5451e-06 3.971

140 120 1.8141e-05 1.929 1.7854e-05 1.854 2.8642e-07 3.988
280 240 4.6378e-06 1.968 4.6199e-06 1.950 1.7967e-08 3.995
560 480 1.1719e-06 1.985 1.1708e-06 1.980 1.1249e-09 3.998

1120 960 2.9451e-07 1.992 2.9444e-07 1.991 7.0365e-11 3.999

Table 41. Test: IC2 - Q1 - FS2 R1 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.2063e-04 -1.0640e-04 -1.4231e-05
70 60 -1.4880e-05 3.019 -1.4440e-05 2.881 -4.4015e-07 5.015

140 120 -1.8449e-06 3.012 -1.8318e-06 2.979 -1.3125e-08 5.068
280 240 -2.2959e-07 3.006 -2.2922e-07 2.998 -3.6748e-10 5.158
560 480 -2.8633e-08 3.003 -2.8624e-08 3.001 -8.7892e-12 5.386

1120 960 -3.5749e-09 3.002 -3.5747e-09 3.001 -1.0955e-13 6.326

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 2.4561e-04 3.3270e-04 -8.7095e-05
70 60 6.9088e-05 1.830 7.4625e-05 2.156 -5.5369e-06 3.975

140 120 1.8141e-05 1.929 1.8488e-05 2.013 -3.4745e-07 3.994
280 240 4.6378e-06 1.968 4.6596e-06 1.988 -2.1736e-08 3.999
560 480 1.1719e-06 1.985 1.1733e-06 1.990 -1.3587e-09 4.000

1120 960 2.9451e-07 1.992 2.9460e-07 1.994 -8.4923e-11 4.000
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Table 42. Test: IC2 - Q1 - FS2 R2 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.2039e-04 -1.2178e-04 1.3827e-06
70 60 -1.4862e-05 3.018 -1.4920e-05 3.029 5.8013e-08 4.575

140 120 -1.8437e-06 3.011 -1.8463e-06 3.015 2.5606e-09 4.502
280 240 -2.2951e-07 3.006 -2.2964e-07 3.007 1.2419e-10 4.366
560 480 -2.8627e-08 3.003 -2.8634e-08 3.004 6.6017e-12 4.234

1120 960 -3.5745e-09 3.002 -3.5749e-09 3.002 3.7318e-13 4.145

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 2.9475e-04 2.5310e-04 4.1648e-05
70 60 7.5267e-05 1.969 7.2671e-05 1.800 2.5960e-06 4.004

140 120 1.8914e-05 1.993 1.8752e-05 1.954 1.6179e-07 4.004
280 240 4.7345e-06 1.998 4.7244e-06 1.989 1.0094e-08 4.003
560 480 1.1840e-06 2.000 1.1834e-06 1.997 6.3029e-10 4.001

1120 960 2.9602e-07 2.000 2.9599e-07 1.999 3.9374e-11 4.001

Table 43. Test: IC2 - Q1 - FS2 R2 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -1.2039e-04 -1.1616e-04 -4.2363e-06
70 60 -1.4862e-05 3.018 -1.4741e-05 2.978 -1.2110e-07 5.129

140 120 -1.8437e-06 3.011 -1.8406e-06 3.002 -3.0762e-09 5.299
280 240 -2.2951e-07 3.006 -2.2946e-07 3.004 -5.2457e-11 5.874
560 480 -2.8627e-08 3.003 -2.8629e-08 3.003 1.0843e-12 5.596

1120 960 -3.5745e-09 3.002 -3.5748e-09 3.002 2.1877e-13 2.309

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 2.9475e-04 2.9402e-04 7.3251e-07
70 60 7.5267e-05 1.969 7.5251e-05 1.966 1.5974e-08 5.519

140 120 1.8914e-05 1.993 1.8914e-05 1.992 3.8509e-10 5.374
280 240 4.7345e-06 1.998 4.7345e-06 1.998 1.0212e-11 5.237
560 480 1.1840e-06 2.000 1.1840e-06 2.000 2.9050e-13 5.136

1120 960 2.9602e-07 2.000 2.9602e-07 2.000 8.7600e-15 5.051
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Table 44. Test: IC2 - Q1 - FS3 R1 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.1300e-03 -3.0676e-03 -1.0624e-03
70 60 -1.1882e-03 1.797 -1.0479e-03 1.550 -1.4031e-04 2.921

140 120 -2.8641e-04 2.053 -2.6875e-04 1.963 -1.7662e-05 2.990
280 240 -6.7863e-05 2.077 -6.5656e-05 2.033 -2.2067e-06 3.001
560 480 -1.6641e-05 2.028 -1.6365e-05 2.004 -2.7586e-07 3.000

1120 960 -4.1239e-06 2.013 -4.0895e-06 2.001 -3.4487e-08 3.000

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -3.0582e-04 -3.5337e-04 4.7554e-05
70 60 -2.2720e-05 3.751 -2.6355e-05 3.745 3.6351e-06 3.709

140 120 1.4913e-05 0.607 1.4487e-05 0.863 4.2651e-07 3.091
280 240 3.7346e-06 1.998 3.6968e-06 1.970 3.7844e-08 3.494
560 480 1.0901e-06 1.777 1.0859e-06 1.767 4.1617e-09 3.185

1120 960 2.8554e-07 1.933 2.8506e-07 1.930 4.7729e-10 3.124

Table 45. Test: IC2 - Q1 - FS3 R1 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.1300e-03 -3.9249e-03 -2.0511e-04
70 60 -1.1882e-03 1.797 -1.1609e-03 1.757 -2.7297e-05 2.910

140 120 -2.8641e-04 2.053 -2.8314e-04 2.036 -3.2679e-06 3.062
280 240 -6.7863e-05 2.077 -6.7468e-05 2.069 -3.9445e-07 3.050
560 480 -1.6641e-05 2.028 -1.6593e-05 2.024 -4.8630e-08 3.020

1120 960 -4.1239e-06 2.013 -4.1179e-06 2.011 -6.0432e-09 3.008

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -3.0582e-04 -1.9827e-04 -1.0755e-04
70 60 -2.2720e-05 3.751 -1.6362e-05 3.599 -6.3572e-06 4.081

140 120 -1.4913e-05 0.607 1.5117e-05 0.114 -2.0425e-07 4.960
280 240 3.7346e-06 1.998 3.7364e-06 2.016 -1.7710e-09 6.850
560 480 1.0901e-06 1.777 1.0884e-06 1.779 1.6808e-09 0.075

1120 960 2.8554e-07 1.933 2.8522e-07 1.932 3.2209e-10 2.384
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Table 46. Test: IC2 - Q1 - FS3 R2 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.1296e-03 -3.9393e-03 -1.9024e-04
70 60 -1.1881e-03 1.797 -1.1613e-03 1.762 -2.6817e-05 2.827

140 120 -2.8641e-04 2.053 -2.8315e-04 2.036 -3.2526e-06 3.043
280 240 -6.7863e-05 2.077 -6.7469e-05 2.069 -3.9397e-07 3.045
560 480 -1.6641e-05 2.028 -1.6593e-05 2.024 -4.8615e-08 3.019

1120 960 -4.1239e-06 2.013 -4.1179e-06 2.011 -6.0428e-09 3.008

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.5820e-04 -2.7723e-04 1.9034e-05
70 60 -1.6597e-05 3.959 -1.8485e-05 3.907 1.8878e-06 3.334

140 120 1.5685e-05 0.082 1.5367e-05 0.267 3.1812e-07 2.569
280 240 3.8313e-06 2.033 3.8002e-06 2.016 3.1043e-08 3.357
560 480 1.1022e-06 1.797 1.0984e-06 1.791 3.7362e-09 3.055

1120 960 2.8705e-07 1.941 2.8660e-07 1.938 4.5068e-10 3.051

Table 47. Test: IC2 - Q1 - FS3 R2 - AS1 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.1296e-03 -3.9340e-03 -1.9553e-04
70 60 -1.1881e-03 1.797 -1.1611e-03 1.760 -2.6989e-05 2.857

140 120 -2.8641e-04 2.053 -2.8315e-04 2.036 -3.2582e-06 3.050
280 240 -6.7863e-05 2.077 -6.7468e-05 2.069 -3.9414e-07 3.047
560 480 -1.6641e-05 2.028 -1.6593e-05 2.024 -4.8620e-08 3.019

1120 960 -4.1239e-06 2.013 -4.1179e-06 2.011 -6.0429e-09 3.008

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.5820e-04 -2.3739e-04 -2.0811e-05
70 60 -1.6597e-05 3.959 -1.5922e-05 3.898 -6.7563e-07 4.945

140 120 1.5685e-05 0.082 1.5528e-05 0.036 1.5709e-07 2.105
280 240 3.8313e-06 2.033 3.8103e-06 2.027 2.0971e-08 2.905
560 480 1.1022e-06 1.797 1.0991e-06 1.794 3.1066e-09 2.755

1120 960 2.8705e-07 1.941 2.8664e-07 1.939 4.1132e-10 2.917
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Table 48. Test: IC2 - Q1 - FS3 R1 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.1300e-03 -3.2144e-03 -9.1560e-04
70 60 -1.1882e-03 1.797 -1.0719e-03 1.584 -1.1623e-04 2.978

140 120 -2.8641e-04 2.053 -2.7183e-04 1.979 -1.4579e-05 2.995
280 240 -6.7863e-05 2.077 -6.6039e-05 2.041 -1.8234e-06 2.999
560 480 -1.6641e-05 2.028 -1.6413e-05 2.008 -2.2791e-07 3.000

1120 960 -4.1239e-06 2.013 -4.0955e-06 2.003 -2.8486e-08 3.000

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -3.0582e-04 -3.8386e-04 7.8043e-05
70 60 -2.2720e-05 3.751 -2.7664e-05 3.795 4.9439e-06 3.981

140 120 1.4913e-05 0.607 1.4605e-05 0.922 3.0816e-07 4.004
280 240 3.7346e-06 1.998 3.7154e-06 1.975 1.9245e-08 4.001
560 480 1.0901e-06 1.777 1.0889e-06 1.771 1.2022e-09 4.001

1120 960 2.8554e-07 1.933 2.8546e-07 1.931 7.5121e-11 4.000

Table 49. Test: IC2 - Q1 - FS3 R1 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.1300e-03 -4.1132e-03 -1.6834e-05
70 60 -1.1882e-03 1.797 -1.1876e-03 1.792 -5.2982e-07 4.990

140 120 -2.8641e-04 2.053 -2.8639e-04 2.052 -1.5265e-08 5.117
280 240 -6.7863e-05 2.077 -6.7862e-05 2.077 -4.4083e-10 5.114
560 480 -1.6641e-05 2.028 -1.6641e-05 2.028 -1.0961e-11 5.330

1120 960 -4.1239e-06 2.013 -4.1239e-06 2.013 -1.7694e-13 5.953

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -3.0582e-04 -2.2452e-04 -8.1296e-05
70 60 -2.2720e-05 3.751 -1.7536e-05 3.678 -5.1835e-06 3.971

140 120 1.4913e-05 0.607 1.5240e-05 0.202 -3.2684e-07 3.987
280 240 3.7346e-06 1.998 3.7551e-06 2.021 -2.0503e-08 3.995
560 480 1.0901e-06 1.777 1.0914e-06 1.783 -1.2829e-09 3.998

1120 960 2.8554e-07 1.933 2.8562e-07 1.934 -8.0213e-11 3.999
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Table 50. Test: IC2 - Q1 - FS3 R2 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.1296e-03 -4.1282e-03 -1.4123e-06
70 60 -1.1881e-03 1.797 -1.1881e-03 1.797 -3.6051e-08 5.292

140 120 -2.8641e-04 2.053 -2.8641e-04 2.053 3.8479e-10 6.550
280 240 -6.7863e-05 2.077 -6.7863e-05 2.077 5.0073e-11 2.942
560 480 -1.6641e-05 2.028 -1.6641e-05 2.028 4.4212e-12 3.502

1120 960 -4.1239e-06 2.013 -4.1239e-06 2.013 3.0563e-13 3.855

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.5820e-04 -3.0509e-04 4.6891e-05
70 60 -1.6597e-05 3.959 -1.9567e-05 3.963 2.9691e-06 3.981

140 120 1.5685e-05 0.082 1.5501e-05 0.336 1.8355e-07 4.016
280 240 3.8313e-06 2.033 3.8199e-06 2.021 1.1369e-08 4.013
560 480 1.1022e-06 1.797 1.1015e-06 1.794 7.0754e-10 4.006

1120 960 2.8705e-07 1.941 2.8701e-07 1.940 4.4129e-11 4.003

Table 51. Test: IC2 - Q1 - FS3 R2 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -4.1296e-03 -4.1228e-03 -6.8097e-06
70 60 -1.1881e-03 1.797 -1.1879e-03 1.795 -2.1055e-07 5.015

140 120 -2.8641e-04 2.053 -2.8640e-04 2.052 -5.2249e-09 5.333
280 240 -6.7863e-05 2.077 -6.7862e-05 2.077 -1.2583e-10 5.376
560 480 -1.6641e-05 2.028 -1.6641e-05 2.028 -1.0877e-12 6.854

1120 960 -4.1239e-06 2.013 -4.1239e-06 2.013 1.5131e-13 2.846

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 -2.5820e-04 -2.6332e-04 5.1161e-06
70 60 -1.6597e-05 3.959 -1.6942e-05 3.958 3.4463e-07 3.892

140 120 1.5685e-05 0.082 1.5664e-05 0.113 2.0623e-08 4.063
280 240 3.8313e-06 2.033 3.8300e-06 2.032 1.2371e-09 4.059
560 480 1.1022e-06 1.797 1.1021e-06 1.797 7.6035e-11 4.024

1120 960 2.8705e-07 1.941 2.8705e-07 1.941 4.7168e-12 4.011

4.1.5. Results using a C1 initial condition. These results are the same in terms of
convergence behavior as for the smooth initial conditions.

4.1.6. Results using an H1 initial condition. It turns out these tests are also very
similar, probably because the adjoint solution is still smooth. A few examples are
provided here that illustrate an important consideration for adjoint error estima-
tion. That is, given a forward solution that is not smooth, one can expect to get
a good estimate of the error so long as the adjoint solution is sufficiently smooth.
This can be seen in the proof of Theorem 3.1, since the errors in approximating the
adjoint variable can be made small to account for larger errors in the approxima-
tion of the forward solution (since they multiply each other) occurring in the term
acc(ũ, φ̃).
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Tables 52 - 54 provide evidence of this. These results show that the error in the
imaginary part of the Fourier coefficient is not converging at the usual asymptotic
rate of 2.0 observed in other tests (on these grids). However, the relative accuracy
is about the same or better than in other similar tests. We will return to this point
with different, non-smooth QOI’s.

Table 52. Test: IC4 - Q1 - FS3 R1 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.0731e-03 -1.5607e-03 -1.5124e-03
70 60 -7.5086e-04 2.033 -5.5599e-04 1.489 -1.9487e-04 2.956

140 120 -1.8093e-04 2.053 -1.5631e-04 1.831 -2.4620e-05 2.985
280 240 -4.4215e-05 2.033 -4.1124e-05 1.926 -3.0915e-06 2.993
560 480 -1.0925e-05 2.017 -1.0538e-05 1.964 -3.8733e-07 2.997

1120 960 -2.7192e-06 2.006 -2.6707e-06 1.980 -4.8482e-08 2.998

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 3.2973e-05 -7.1848e-05 1.0482e-04
70 60 4.7168e-05 -0.517 3.9529e-05 0.862 7.6392e-06 3.778

140 120 1.7856e-05 1.401 1.7242e-05 1.197 6.1395e-07 3.637
280 240 5.4552e-06 1.711 5.3988e-06 1.675 5.6440e-08 3.443
560 480 1.5459e-06 1.819 1.5399e-06 1.810 5.9513e-09 3.245

1120 960 4.2272e-07 1.871 4.2202e-07 1.867 6.9548e-10 3.097

Table 53. Test: IC4 - Q1 - FS3 R2 - AS1 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.0726e-03 -2.9394e-03 -1.3328e-04
70 60 -7.5083e-04 2.033 -7.3425e-04 2.001 -1.6576e-05 3.007

140 120 -1.8092e-04 2.053 -1.7889e-04 2.037 -2.0305e-06 3.029
280 240 -4.4215e-05 2.033 -4.3964e-05 2.025 -2.5112e-07 3.015
560 480 -1.0925e-05 2.017 -1.0894e-05 2.013 -3.1294e-08 3.004

1120 960 -2.7192e-06 2.006 -2.7153e-06 2.004 -3.9187e-09 2.997

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 1.0887e-04 4.7249e-05 6.1619e-05
70 60 5.6812e-05 0.938 5.1892e-05 -0.135 4.9209e-06 3.646

140 120 1.9066e-05 1.575 1.8623e-05 1.478 4.4359e-07 3.472
280 240 5.6067e-06 1.766 5.5609e-06 1.744 4.5778e-08 3.276
560 480 1.5648e-06 1.841 1.5595e-06 1.834 5.2844e-09 3.115

1120 960 4.2508e-07 1.880 4.2443e-07 1.878 6.5378e-10 3.015
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Table 54. Test: IC4 - Q1 - FS3 R2 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -3.0726e-03 -3.0643e-03 -8.3604e-06
70 60 -7.5083e-04 2.033 -7.5058e-04 2.029 -2.4833e-07 5.073

140 120 -1.8092e-04 2.053 -1.8092e-04 2.053 -6.8646e-09 5.177
280 240 -4.4215e-05 2.033 -4.4215e-05 2.033 -1.5725e-10 5.448
560 480 -1.0925e-05 2.017 -1.0925e-05 2.017 -1.1101e-12 7.146

1120 960 -2.7192e-06 2.006 -2.7192e-06 2.006 2.4152e-13 2.200

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 1.0887e-04 1.0473e-04 4.1342e-06
70 60 5.6812e-05 0.938 5.6589e-05 0.888 2.2361e-07 4.209

140 120 1.9066e-05 1.575 1.9053e-05 1.570 1.3049e-08 4.099
280 240 5.6067e-06 1.766 5.6059e-06 1.765 7.9287e-10 4.041
560 480 1.5648e-06 1.841 1.5648e-06 1.841 4.9059e-11 4.014

1120 960 4.2508e-07 1.880 4.2508e-07 1.880 3.0624e-12 4.002

4.1.7. Results using a discontinuous initial condition. Two results are provided
here, in Tables 55 and 56. Strictly speaking, Theorem 3.1 does not apply here,
due to the discontinuity in the forward solution. However, it is clear that after the
first grid refinement is performed (then the discontinuities are on cell interfaces at
the initial and final times), the imaginary part of the computable error estimate has
an accuracy limited by the reconstruction used for the adjoint data. In Table 55 the
accuracy converges to zero at rate 3. This would be consistent with Theorem 3.1,
if we could apply the theory, and shows that the piece-wise linear reconstruction
of the adjoint data is suboptimal since the finite volume method used is second or-
der. Indeed, in Table 56 a quadratic reconstruction is used and the accuracy of the
computable error estimate is improved. Although the theory may not apply here
directly as it stands, we may conclude from this example that in practice one should
choose pφ ≥ sφ, which is the same conclusion one should derive from Theorem 3.1
with smooth solutions.

Table 55. Test: IC5 - Q1 - FS2 R2 - AS2 R1

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -8.7975e-04 -8.7695e-04 -2.7994e-06
70 60 2.5444e-04 1.790 2.5362e-04 1.790 8.2244e-07 1.767

140 120 6.8194e-05 1.900 6.8146e-05 1.896 4.7481e-08 4.114
280 240 1.7616e-05 1.953 1.7613e-05 1.952 2.8386e-09 4.064
560 480 4.4747e-06 1.977 4.4745e-06 1.977 1.7328e-10 4.034

1120 960 1.1275e-06 1.989 1.1275e-06 1.989 1.0693e-11 4.018

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 7.2403e-04 3.2372e-03 -2.5132e-03
70 60 1.8540e-04 1.965 1.9439e-04 4.058 -8.9926e-06 8.127

140 120 4.6557e-05 1.994 4.8073e-05 2.016 -1.5159e-06 2.569
280 240 1.1652e-05 1.998 1.1866e-05 2.018 -2.1379e-07 2.826
560 480 2.9138e-06 2.000 2.9420e-06 2.012 -2.8238e-08 2.921

1120 960 7.2850e-07 2.000 7.3213e-07 2.007 -3.6242e-09 2.962
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Table 56. Test: IC5 - Q1 - FS2 R2 - AS2 R2

Time steps Cells Re{eM(ũ)} Rate Re{ẽM(ũ, φ̃)} Rate Re{acc(ũ, φ̃)} Rate
35 30 -8.7975e-04 -8.6246e-04 -1.7297e-05
70 60 2.5444e-04 1.790 2.5412e-04 1.763 3.1927e-07 5.760

140 120 6.8194e-05 1.900 6.8164e-05 1.898 3.0006e-08 3.411
280 240 1.7616e-05 1.953 1.7614e-05 1.952 2.1875e-09 3.778
560 480 4.4747e-06 1.977 4.4746e-06 1.977 1.4645e-10 3.901

1120 960 1.1275e-06 1.989 1.1275e-06 1.989 9.4936e-12 3.947

Time steps Cells Im{eM(ũ)} Rate Im{ẽM(ũ, φ̃)} Rate Im{acc(ũ, φ̃)} Rate
35 30 7.2403e-04 3.4027e-03 -2.6787e-03
70 60 1.8540e-04 1.965 1.8553e-04 4.197 -1.2968e-07 14.334

140 120 4.6557e-05 1.994 4.6566e-05 1.994 -9.6823e-09 3.743
280 240 1.1652e-05 1.998 1.1653e-05 1.999 -6.4028e-10 3.919
560 480 2.9138e-06 2.000 2.9138e-06 2.000 -4.0890e-11 3.969

1120 960 7.2850e-07 2.000 7.2850e-07 2.000 -2.5786e-12 3.987

4.2. Evaluation of the solution at a point. The quantity of interest is evalua-
tion of u(x = x∗, t = T ), where x∗ = (1+π/16)/2 ∈ (1/2, 1) is chosen to lie near the
middle of Ω but is irrational, so that it will not lie at a cell center or cell interface.
In this case the adjoint data is a distribution and the theory developed herein does
not apply. In order to assess the practical limitations of using the computable error
estimate proposed, some examples are studied here for this quantity of interest.
This QOI could be considered a worst-case choice in terms of smoothness, since
one expects most QOIs to correspond to adjoint data that is at least piece-wise
smooth.

It should be noted that the solution value at a point can be approximated to
arbitrary accuracy by integrating the solution against an appropriate Gaussian. In
this case, the error should be reliably estimated by resolving the Gaussian with an
appropriate grid. Alternatively, it may be worth instead using an H1 hat func-
tion, since it is piece-wise linear and in theory can be approximated exactly using
polynomials. This is not attempted in the current study.

4.2.1. Evaluation at a point with a smooth function. The results for this section are
in Tables 57- 60. As expected the results are unpredictable, but it was observed
here and in other tests that the error and the accuracy of the computable error
estimate tend to be smaller using the higher order finite volume methods. In all
the tests run, it was observed that the computable error estimate matched the true
error in size, and usually the first 1-2 digits were correct. Also, most of the tests
showed that the relative accuracy was generally improving as the grid was refined.
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Table 57. Test: IC1 - Q2 - FS1 R1 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 6.8336e-02 7.2395e-02 -4.0591e-03
70 60 3.6448e-02 0.907 3.7049e-02 0.966 -6.0018e-04 2.758

140 120 1.8779e-02 0.957 1.8760e-02 0.982 1.8487e-05 5.021
280 240 9.5079e-03 0.982 9.4420e-03 0.991 6.5917e-05 -1.834
560 480 4.7635e-03 0.997 4.7368e-03 0.995 2.6750e-05 1.301

1120 960 2.3902e-03 0.995 2.3836e-03 0.991 6.6572e-06 2.007

Table 58. Test: IC1 - Q2 - FS1 R1 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 6.8336e-02 7.5606e-02 -7.2699e-03
70 60 3.6448e-02 0.907 3.7900e-02 0.996 -1.4518e-03 2.324

140 120 1.8779e-02 0.957 1.8979e-02 0.998 -2.0005e-04 2.859
280 240 9.5079e-03 0.982 9.4973e-03 0.999 1.0647e-05 4.232
560 480 4.7635e-03 0.997 4.7507e-03 0.999 1.2859e-05 -0.272

1120 960 2.3902e-03 0.995 2.3871e-03 0.993 3.1590e-06 2.025

Table 59. Test: IC1 - Q2 - FS2 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 1.6854e-03 1.9178e-03 -2.3242e-04
70 60 3.8379e-04 2.135 4.1263e-04 2.217 -2.8844e-05 3.010

140 120 9.1664e-05 2.066 9.4562e-05 2.126 -2.8979e-06 3.315
280 240 2.2484e-05 2.027 2.2575e-05 2.067 -9.0864e-08 4.995
560 480 5.5661e-06 2.014 5.5119e-06 2.034 5.4230e-08 0.745

1120 960 1.3545e-06 2.039 1.3495e-06 2.030 5.0283e-09 3.431

Table 60. Test: IC1 - Q2 - FS3 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -1.4330e-02 -1.6294e-02 1.9641e-03
70 60 -1.6270e-04 6.461 -3.0567e-04 5.736 1.4296e-04 3.780

140 120 -5.7599e-04 -1.824 -6.3074e-04 -1.045 5.4746e-05 1.385
280 240 -3.0955e-05 4.218 -2.5477e-05 4.630 -5.4772e-06 3.321
560 480 -1.5485e-05 0.999 -1.4801e-05 0.784 -6.8365e-07 3.002

1120 960 -4.2803e-06 1.855 -4.3062e-06 1.781 2.5940e-08 4.720

4.2.2. Evaluation at a point with a C7 function. In general the results here are
similar to Section 4.2.1. A notable difference is that in some of the tests here the
error in the solution value was not as well approximated. A typical example is
shown in Table 62. The best results were observed when the adjoint solver was of
higher order than the forward solver, e.g. Table 61. It may be worth exploring if
the results in Table 62 could be improved upon using a third order adjoint solver.
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Table 61. Test: IC2 - Q2 - FS1 R1 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -1.6239e-01 -3.6687e-02 -1.2570e-01
70 60 -1.1384e-01 0.512 -9.6592e-02 -1.397 -1.7245e-02 2.866

140 120 -7.0997e-02 0.681 -6.9224e-02 0.481 -1.7725e-03 3.282
280 240 -4.0357e-02 0.815 -4.0186e-02 0.785 -1.7088e-04 3.375
560 480 -2.1558e-02 0.905 -2.1610e-02 0.895 5.1724e-05 1.724

1120 960 -1.1186e-02 0.947 -1.1189e-02 0.950 3.7875e-06 3.772

Table 62. Test: IC2 - Q2 - FS2 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -5.4004e-02 8.0109e-03 -6.2015e-02
70 60 -8.8903e-03 2.603 -3.4946e-03 1.197 -5.3956e-03 3.523

140 120 -1.2111e-03 2.876 -9.3318e-04 1.905 -2.7792e-04 4.279
280 240 -1.4110e-04 3.102 -1.3385e-04 2.802 -7.2478e-06 5.261
560 480 -1.3447e-05 3.391 -1.7763e-05 2.914 4.3162e-06 0.748

1120 960 -5.8330e-07 4.527 -9.7294e-07 4.190 3.8964e-07 3.470

4.2.3. Evaluation at a point with a C1 function. No useful information was found
in this case beyond that already presented in Sections 4.2.1-4.2.2.

4.2.4. Evaluation at a point with an H1 function. The forward solution, being
piece-wise linear, is represented very well using piece-wise linear (or better) re-
constructions. Though the accuracy of the computable error estimate (Table 63)
is poor relative to the size of the true error, the error is itself near roundoff after a
few grid refinements.

Table 63. Test: IC4 - Q2 - FS2 R1 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -6.8646e-03 2.0494e-02 -2.7359e-02
70 60 5.3351e-04 3.686 -2.6186e-03 2.968 3.1521e-03 3.118

140 120 3.9475e-06 7.078 -7.8088e-05 5.068 8.2035e-05 5.264
280 240 -7.9709e-10 12.274 -2.1432e-07 8.509 2.1353e-07 8.586
560 480 1.3323e-15 19.190 -2.4022e-12 16.445 2.4035e-12 16.439

1120 960 3.1086e-15 -1.222 -9.7145e-17 14.594 3.2058e-15 9.550

4.2.5. Evaluation of a discontinuous function at a point. These results were ob-
served to be essentially the same in terms of convergence behavior and accuracy on
fine grids as in Section 4.2.4.

4.3. Solution moment of order zero. This QOI is just a diagnostic, since the
finite volume methods preserve the integral of the solution. Thus the error should
be roundoff sized in all cases. Indeed this is what was observed.
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4.4. Solution moment of order one. The adjoint solution is discontinuous in
this case since it is forced to be periodic in x, hence as x varies from slightly less
than 1 to slightly more than 1 the adjoint solution at the final time changes value
from 1 to 0 instantaneously. In this case there is a different behavior observed
between the linear and nonlinear methods for the forward problem. In Table 64
the forward and adjoint solvers are first order upwind. It is not clear what the
asymptotic behavior of acc(ũ, φ̃) is in this case, but the data suggests that the true
asymptotic behavior may not be represented over this (coarse) range of grid sizes.
Comparing with Table 65, we see that at the finest grid size the accuracy of the
computable error estimate is larger using the second order adjoint solver. However,
the data also suggests the asymptotic behavior with the second order adjoint solver
may be different at grid sizes beyond what is shown here. Thus no conclusion may
be drawn without further investigation.

Tables 66-67 show the analogous results using the second order upwind method
for the forward problem. In this case acc(ũ, φ̃) is smaller using the second order
upwind method for the adjoint problem than using the first order upwind method.
Based solely on the data shown it seems likely this would also be the case at smaller
grid sizes.

Tables 68-69 display results using the nonlinear TVD method for the forward
problem. The accuracy of the computable error estimate is poor relative to the size
of the error in the quantity of interest. These results are also poor compared to the
former tests using linear methods for the forward problem. These relatively poor
results were observed also using linear reconstructions of the finite volume data for
both forward and adjoint problems. In contrast to the tests in Sections 4.1-4.3,
here the accuracy of the computable error estimate was not as good when the TVD
method was used for the forward problem as when either of the linear methods was
used.

While the discontinuity of the forward solution introduces a challenge for adjoint
error estimation, it should be noted that in this section and in the next, the discon-
tinuity is introduced in order to avoid extending the theory to include non-periodic
boundary conditions. If this extension were made, the moments of the solution
could potentially be represented using an adjoint problem with a more smooth so-
lution. There is an adjoint analysis performed in the book of Marchuk, Agoshkov
and Shutyaev [18] that handles non-periodic boundary conditions for hyperbolic
conservation laws in 1D.

Table 64. Test: IC1 - Q4 - FS1 R1 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -6.7983e-04 -7.6068e-04 8.0848e-05
70 60 -1.7799e-04 1.933 -1.8261e-04 2.059 4.6237e-06 4.128

140 120 -4.5545e-05 1.966 -4.5767e-05 1.996 2.2131e-07 4.385
280 240 -1.1520e-05 1.983 -1.1525e-05 1.989 4.9744e-09 5.475
560 480 -2.8970e-06 1.992 -2.8962e-06 1.993 -8.0808e-10 2.622

1120 960 -7.2638e-07 1.996 -7.2619e-07 1.996 -1.9074e-10 2.083



ADJOINT ERROR ESTIMATION FOR LINEAR ADVECTION 51

Table 65. Test: IC1 - Q4 - FS1 R1 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -6.7983e-04 -6.5087e-04 -2.8959e-05
70 60 -1.7799e-04 1.933 -1.8087e-04 1.847 2.8849e-06 3.327

140 120 -4.5545e-05 1.966 -4.6333e-05 1.965 7.8812e-07 1.872
280 240 -1.1520e-05 1.983 -1.1646e-05 1.992 1.2574e-07 2.648
560 480 -2.8970e-06 1.992 -2.9144e-06 1.999 1.7431e-08 2.851

1120 960 -7.2638e-07 1.996 -7.2867e-07 2.000 2.2865e-09 2.931

Table 66. Test: IC1 - Q4 - FS2 R2 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 3.6269e-04 2.9902e-04 6.3672e-05
70 60 9.2613e-05 1.969 8.7452e-05 1.774 5.1615e-06 3.625

140 120 2.3273e-05 1.993 2.2811e-05 1.939 4.6218e-07 3.481
280 240 5.8257e-06 1.998 5.7796e-06 1.981 4.6087e-08 3.326
560 480 1.4569e-06 2.000 1.4519e-06 1.993 5.0229e-09 3.198

1120 960 3.6425e-07 2.000 3.6367e-07 1.997 5.8150e-10 3.111

Table 67. Test: IC1 - Q4 - FS2 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 3.6269e-04 3.6311e-04 -4.1341e-07
70 60 9.2613e-05 1.969 9.2678e-05 1.970 -6.4838e-08 2.673

140 120 2.3273e-05 1.993 2.3278e-05 1.993 -4.8411e-09 3.743
280 240 5.8257e-06 1.998 5.8260e-06 1.998 -3.2014e-10 3.919
560 480 1.4569e-06 2.000 1.4569e-06 2.000 -2.0445e-11 3.969

1120 960 3.6425e-07 2.000 3.6425e-07 2.000 -1.2899e-12 3.986

Table 68. Test: IC1 - Q4 - FS3 R2 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -7.1250e-05 2.6581e-04 -3.3706e-04
70 60 -3.4832e-06 4.354 6.9189e-05 1.942 -7.2672e-05 2.214

140 120 2.2199e-06 0.650 1.7463e-05 1.986 -1.5244e-05 2.253
280 240 1.1985e-06 0.889 4.4705e-06 1.966 -3.2721e-06 2.220
560 480 4.3131e-07 1.474 1.1576e-06 1.949 -7.2625e-07 2.172

1120 960 1.3456e-07 1.681 3.0071e-07 1.945 -1.6616e-07 2.128
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Table 69. Test: IC1 - Q4 - FS3 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -7.1250e-05 5.2348e-05 -1.2360e-04
70 60 -3.4832e-06 4.354 7.4468e-06 2.813 -1.0930e-05 3.499

140 120 2.2199e-06 0.650 1.1633e-06 2.678 1.0566e-06 3.371
280 240 1.1985e-06 0.889 2.6976e-07 2.108 9.2871e-07 0.186
560 480 4.3131e-07 1.474 8.2350e-08 1.712 3.4897e-07 1.412

1120 960 1.3456e-07 1.681 2.6059e-08 1.660 1.0850e-07 1.685

4.5. Solution moment of order two. This QOI also corresponds to a discontin-
uous adjoint solution. The results are similar to Section 4.4, except that the error
in the quantity of interest does not exhibit the superconvergence behavior with first
order upwind. The accuracy of the computable error estimate is still poor when
the forward solution is estimated using the TVD method. Examples are provided
in Tables 70-74.

Table 70. Test: IC1 - Q5 - FS1 R1 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -5.2225e-03 -4.7629e-03 -4.5965e-04
70 60 -2.5034e-03 1.061 -2.4103e-03 0.983 -9.3150e-05 2.303

140 120 -1.2221e-03 1.035 -1.2030e-03 1.003 -1.9128e-05 2.284
280 240 -6.0327e-04 1.018 -5.9910e-04 1.006 -4.1704e-06 2.197
560 480 -2.9964e-04 1.010 -2.9868e-04 1.004 -9.6035e-07 2.119

1120 960 -1.4932e-04 1.005 -1.4909e-04 1.002 -2.2944e-07 2.065

Table 71. Test: IC1 - Q5 - FS1 R1 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -5.2225e-03 -5.1856e-03 -3.6941e-05
70 60 -2.5034e-03 1.061 -2.5060e-03 1.049 2.5578e-06 3.852

140 120 -1.2221e-03 1.035 -1.2229e-03 1.035 7.7334e-07 1.726
280 240 -6.0327e-04 1.018 -6.0339e-04 1.019 1.2499e-07 2.629
560 480 -2.9964e-04 1.010 -2.9966e-04 1.010 1.7391e-08 2.845

1120 960 -1.4932e-04 1.005 -1.4932e-04 1.005 2.2841e-09 2.929

Table 72. Test: IC1 - Q5 - FS2 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 3.1553e-04 3.1761e-04 -2.0767e-06
70 60 8.6792e-05 1.862 8.6905e-05 1.870 -1.1233e-07 4.208

140 120 2.2551e-05 1.944 2.2557e-05 1.946 -6.0469e-09 4.215
280 240 5.7358e-06 1.975 5.7361e-06 1.975 -3.4070e-10 4.150
560 480 1.4457e-06 1.988 1.4457e-06 1.988 -2.0020e-11 4.089

1120 960 3.6285e-07 1.994 3.6285e-07 1.994 -1.2041e-12 4.055
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Table 73. Test: IC1 - Q5 - FS3 R1 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -5.8340e-04 2.0174e-04 -7.8514e-04
70 60 -1.2970e-04 2.169 1.7422e-05 3.533 -1.4712e-04 2.416

140 120 -2.9113e-05 2.155 -2.2690e-06 2.941 -2.6844e-05 2.454
280 240 -6.6101e-06 2.139 -1.5775e-06 0.524 -5.0326e-06 2.415
560 480 -1.5182e-06 2.122 -5.2780e-07 1.580 -9.9041e-07 2.345

1120 960 -3.5256e-07 2.106 -1.4675e-07 1.847 -2.0581e-07 2.267

Table 74. Test: IC1 - Q5 - FS3 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 -5.8304e-04 -4.5371e-04 -1.2933e-04
70 60 -1.2967e-04 2.169 -1.1780e-04 1.945 -1.1874e-05 3.445

140 120 -2.9112e-05 2.155 -2.9996e-05 1.974 8.8401e-07 3.748
280 240 -6.6100e-06 2.139 -7.5090e-06 1.998 8.9895e-07 -0.024
560 480 -1.5182e-06 2.122 -1.8623e-06 2.011 3.4413e-07 1.385

1120 960 -3.5256e-07 2.106 -4.6030e-07 2.016 1.0774e-07 1.675

4.6. Solution energy. Since this quantity of interest is nonlinear, a linearization
was applied as described by (4.13)-(4.14). Clearly the additional error committed,
described by (4.14), limits the accuracy of the computable error estimate to at best

O
(
‖u(T )− ũ(T )‖2Ω

)
.

Unfortunately, Theorem 3.1 does not hold since the adjoint solution is defined
in terms of the approximation ũ, which is not continuous. However, since the
discontinuities of the adjoint solution in space at each discrete time occur precisely
at the cell interfaces there is reason to believe the computable error estimate may
still converge to the true error.

The first order upwind method is used to estimate the forward solution (smooth)
in Tables 75 - 76. The former set of results shows second order accuracy of the
computable error estimate. It is not surprising the same accuracy is achieved with
the second order adjoint solver since the forward solver is still first order, so by the
above arguments second order accuracy is the best that can be expected.

The second order upwind method was used to estimate the forward solution
in Tables 77 - 78. Perhaps surprisingly, the computable error estimate has fourth
order accuracy using the first order adjoint solver, and fifth order accuracy using the
second order adjoint solver. An order of convergence could potentially be attributed
to the superconvergence of the true error in this case. However, comparing these
results with Tables 79 - 80 we see that these seemingly high convergence rates
disappear when the forward solution is estimated using the TVD method. In these
cases the accuracy of the computable error estimate is nominally third order, using
both first and second order adjoint solvers. In this case the accuracy appears to be
somehow limited by the roughness of the adjoint solution and the use of a limited
finite volume solver on a smooth solution. However, in all cases it is clear that the
computable error estimate is converging to the true error.



54 J. M. CONNORS, J. W. BANKS, J. A. HITTINGER, AND C. S. WOODWARD

Table 75. Test: IC1 - Q6 - FS1 R1 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 4.2811e-02 3.5949e-02 6.8620e-03
70 60 2.2424e-02 0.933 2.0976e-02 0.777 1.4472e-03 2.245

140 120 1.1477e-02 0.966 1.1156e-02 0.911 3.2136e-04 2.171
280 240 5.8062e-03 0.983 5.7314e-03 0.961 7.4836e-05 2.102
560 480 2.9202e-03 0.992 2.9022e-03 0.982 1.7992e-05 2.056

1120 960 1.4644e-03 0.996 1.4600e-03 0.991 4.4067e-06 2.030

Table 76. Test: IC1 - Q6 - FS1 R1 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 4.2811e-02 4.0735e-02 2.0759e-03
70 60 2.2424e-02 0.933 2.1894e-02 0.896 5.2955e-04 1.971

140 120 1.1477e-02 0.966 1.1342e-02 0.949 1.3496e-04 1.972
280 240 5.8062e-03 0.983 5.7721e-03 0.975 3.4115e-05 1.984
560 480 2.9202e-03 0.992 2.9116e-03 0.987 8.5780e-06 1.992

1120 960 1.4644e-03 0.996 1.4622e-03 0.994 2.1507e-06 1.996

Table 77. Test: IC1 - Q6 - FS2 R2 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 4.6383e-04 4.4255e-04 2.1275e-05
70 60 5.7364e-05 3.015 5.5900e-05 2.985 1.4643e-06 3.861

140 120 7.1216e-06 3.010 7.0262e-06 2.992 9.5441e-08 3.939
280 240 8.8687e-07 3.005 8.8079e-07 2.996 6.0821e-09 3.972
560 480 1.1064e-07 3.003 1.1026e-07 2.998 3.8371e-10 3.986

1120 960 1.3817e-08 3.001 1.3792e-08 2.999 2.4103e-11 3.993

Table 78. Test: IC1 - Q6 - FS2 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 4.6383e-04 4.4603e-04 1.7798e-05
70 60 5.7364e-05 3.015 5.6809e-05 2.973 5.5497e-07 5.003

140 120 7.1216e-06 3.010 7.1044e-06 2.999 1.7272e-08 5.006
280 240 8.8687e-07 3.005 8.8633e-07 3.003 5.3829e-10 5.004
560 480 1.1064e-07 3.003 1.1063e-07 3.002 1.6766e-11 5.005

1120 960 1.3817e-08 3.001 1.3816e-08 3.001 4.6585e-13 5.170
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Table 79. Test: IC1 - Q6 - FS3 R2 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 3.6937e-03 3.4979e-03 1.9577e-04
70 60 8.5363e-04 2.113 8.3111e-04 2.073 2.2524e-05 3.120

140 120 2.0445e-04 2.062 2.0189e-04 2.041 2.5571e-06 3.139
280 240 5.0006e-05 2.032 4.9710e-05 2.022 2.9528e-07 3.114
560 480 1.2367e-05 2.016 1.2332e-05 2.011 3.4902e-08 3.081

1120 960 3.0753e-06 2.008 3.0711e-06 2.006 4.2149e-09 3.050

Table 80. Test: IC1 - Q6 - FS3 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 3.6937e-03 3.5462e-03 1.4749e-04
70 60 8.5363e-04 2.113 8.4012e-04 2.078 1.3508e-05 3.449

140 120 2.0445e-04 2.062 2.0314e-04 2.048 1.3094e-06 3.367
280 240 5.0006e-05 2.032 4.9875e-05 2.026 1.3092e-07 3.322
560 480 1.2367e-05 2.016 1.2353e-05 2.013 1.3320e-08 3.297

1120 960 3.0753e-06 2.008 3.0740e-06 2.007 1.3663e-09 3.285

4.7. Solution average value over a patch. In this section the quantity of inter-
est is the average of the solution at the final time over the patch 0.25 ≤ x ≤ 0.75.
Thus the adjoint solution is discontinuous and it is expected the accuracy of the
computable error estimate will suffer in some cases. An alternative quantity of
interest will be explored that is a C1 approximation to ψ7(x) for comparison. This
is accomplished by defining a cubic polynomial that transitions monotonically from
0 to 2 over the small interval 0.24 < x < 0.25 and another cubic polynomial that
transitions monotonically from 2 back to 0 over 0.75 < x < 0.76. The value of the
kernel is then set to 2 on 0.25 < x < 0.75 and zero outside of 0.24 < x < 0.76.
The polynomials have a derivative equal to zero at the endpoints of the intervals to
ensure the resulting approximation of the step function is C1. In the tables below
the results using the approximate step function are denoted by substituting Q̃7 for
Q7 in the labels.

The results in this section are all generated using the smooth, sinusoidal initial
condition for the forward problem. In Tables 81 - 83 we see that the asymptotic
behavior of the true error in the QOI and the accuracy of the computable error
estimate is what would be expected for a smooth adjoint solution. Also, the results
using the second order upwind forward solver, in Tables 84 - 86, resemble the results
in tests using smooth solutions in Section 4.1.2. The tests using the nonlinear
forward solver, in Tables 87-89, show that there is a difficulty in achieving a high
accuracy of the computable error estimate with the three adjoint solvers tested.

The analogous tests using the smoothed step function for the adjoint data are
shown in Tables 90 - 98. Essentially there is not any improvement in the accuracy
of the computable error estimate, except in the case when using the second order
upwind solver for the adjoint problem and either first order upwind or the TVD
method for the forward problem. In these cases the improvement in accuracy is
overshadowed by the fact that the error in approximating the step function is on
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the order of 3.8 ·10−4. However, a close examination of the convergence rates of the
accuracy of the computable error estimate shows that these rates are often higher
using the smoothed step function compared to the exact step.

We may conclude that the failure of this approach to improving the results is
due to two reasons. First, the accuracy of the computable error estimate using the
exact step function is often quite good, so that no improvement can easily be made.
Second, to achieve an improvement in accuracy of the computable error estimate
using the approximated step function, the transition region must be adequately
resolved. As this region is made smaller (thus making the exact result using the
approximated step function closer to true error with the exact step function), it be-
comes more expensive to resolve the transitional behavior and it seems this expense
makes the approach untenable, at least using uniform grid refinements. It remains
to be seen if this approach would work using a special grid refinement technique.

Table 81. Test: IC1 - Q7 - FS1 R1 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 6.0242e-02 5.0201e-02 1.0041e-02
70 60 2.9221e-02 1.044 2.8019e-02 0.841 1.2019e-03 3.062

140 120 1.4785e-02 0.983 1.4545e-02 0.946 2.3976e-04 2.326
280 240 7.4361e-03 0.991 7.3841e-03 0.978 5.2043e-05 2.204
560 480 3.7290e-03 0.996 3.7170e-03 0.990 1.2005e-05 2.116

1120 960 1.8673e-03 0.998 1.8644e-03 0.995 2.8742e-06 2.062

Table 82. Test: IC1 - Q7 - FS1 R1 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 6.0242e-02 5.6881e-02 3.3612e-03
70 60 2.9221e-02 1.044 2.9245e-02 0.960 -2.3770e-05 7.144

140 120 1.4785e-02 0.983 1.4788e-02 0.984 -3.2654e-06 2.864
280 240 7.4361e-03 0.991 7.4365e-03 0.992 -4.1996e-07 2.959
560 480 3.7290e-03 0.996 3.7291e-03 0.996 -5.3020e-08 2.986

1120 960 1.8673e-03 0.998 1.8673e-03 0.998 -6.6537e-09 2.994

Table 83. Test: IC1 - Q7 - FS1 R1 - AS3 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 6.0242e-02 5.5731e-02 4.5108e-03
70 60 2.9221e-02 1.044 2.8959e-02 0.944 2.6271e-04 4.102

140 120 1.4785e-02 0.983 1.4728e-02 0.975 5.6609e-05 2.214
280 240 7.4361e-03 0.991 7.4242e-03 0.988 1.1913e-05 2.248
560 480 3.7290e-03 0.996 3.7265e-03 0.994 2.4655e-06 2.273

1120 960 1.8673e-03 0.998 1.8667e-03 0.997 5.0463e-07 2.289



ADJOINT ERROR ESTIMATION FOR LINEAR ADVECTION 57

Table 84. Test: IC1 - Q7 - FS2 R2 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 4.0583e-03 5.6566e-04 3.4926e-03
70 60 7.1983e-05 5.817 7.1450e-05 2.985 5.3266e-07 12.679

140 120 9.0014e-06 2.999 8.9616e-06 2.995 3.9813e-08 3.742
280 240 1.1251e-06 3.000 1.1224e-06 2.997 2.6909e-09 3.887
560 480 1.4062e-07 3.000 1.4044e-07 2.999 1.7450e-10 3.947

1120 960 1.7576e-08 3.000 1.7564e-08 2.999 1.1115e-11 3.973

Table 85. Test: IC1 - Q7 - FS2 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 4.0583e-03 5.7067e-04 3.4876e-03
70 60 7.1983e-05 5.817 7.2621e-05 2.974 -6.3853e-07 12.415

140 120 9.0014e-06 2.999 9.0614e-06 3.003 -6.0011e-08 3.411
280 240 1.1251e-06 3.000 1.1294e-06 3.004 -4.3749e-09 3.778
560 480 1.4062e-07 3.000 1.4091e-07 3.003 -2.9290e-10 3.901

1120 960 1.7576e-08 3.000 1.7595e-08 3.002 -1.8971e-11 3.949

Table 86. Test: IC1 - Q7 - FS2 R2 - AS3 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 4.0583e-03 5.5658e-04 3.5017e-03
70 60 7.1983e-05 5.817 7.1772e-05 2.955 2.1065e-07 14.021

140 120 9.0014e-06 2.999 9.0175e-06 2.993 -1.6133e-08 3.707
280 240 1.1251e-06 3.000 1.1272e-06 3.000 -2.1182e-09 2.929
560 480 1.4062e-07 3.000 1.4079e-07 3.001 -1.7687e-10 3.582

1120 960 1.7576e-08 3.000 1.7589e-08 3.001 -1.3002e-11 3.766

Table 87. Test: IC1 - Q7 - FS3 R2 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.1898e-03 2.4244e-03 2.7654e-03
70 60 2.3752e-04 4.450 3.7720e-04 2.684 -1.3967e-04 4.307

140 120 3.5230e-05 2.753 6.2353e-05 2.597 -2.7122e-05 2.364
280 240 5.2916e-06 2.735 1.0382e-05 2.586 -5.0900e-06 2.414
560 480 8.0323e-07 2.720 1.7466e-06 2.571 -9.4341e-07 2.432

1120 960 1.2282e-07 2.709 2.9640e-07 2.559 -1.7358e-07 2.442
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Table 88. Test: IC1 - Q7 - FS3 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.1898e-03 1.4789e-03 3.7108e-03
70 60 2.3752e-04 4.450 2.3437e-04 2.658 3.1536e-06 10.201

140 120 3.5230e-05 2.753 3.4941e-05 2.746 2.8870e-07 3.449
280 240 5.2916e-06 2.735 5.3806e-06 2.699 -8.9063e-08 1.697
560 480 8.0323e-07 2.720 8.3412e-07 2.689 -3.0891e-08 1.528

1120 960 1.2282e-07 2.709 1.2933e-07 2.689 -6.5069e-09 2.247

Table 89. Test: IC1 - Q7 - FS3 R2 - AS3 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.1898e-03 1.7221e-03 3.4677e-03
70 60 2.3752e-04 4.450 2.8199e-04 2.610 -4.4465e-05 6.285

140 120 3.5230e-05 2.753 4.3768e-05 2.688 -8.5376e-06 2.381
280 240 5.2916e-06 2.735 6.8833e-06 2.669 -1.5917e-06 2.423
560 480 8.0323e-07 2.720 1.0849e-06 2.665 -2.8170e-07 2.498

1120 960 1.2282e-07 2.709 1.7078e-07 2.667 -4.7960e-08 2.554

Table 90. Test: IC1 - Q̃7 - FS1 R1 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.7057e-02 5.0201e-02 6.8562e-03
70 60 2.9205e-02 0.966 2.7973e-02 0.844 1.2319e-03 2.477

140 120 1.4776e-02 0.983 1.4533e-02 0.945 2.4324e-04 2.340
280 240 7.4317e-03 0.991 7.3793e-03 0.978 5.2444e-05 2.214
560 480 3.7268e-03 0.996 3.7148e-03 0.990 1.2051e-05 2.122

1120 960 1.8661e-03 0.998 1.8633e-03 0.995 2.8791e-06 2.065

Table 91. Test: IC1 - Q̃7 - FS1 R1 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.7057e-02 5.6881e-02 1.7660e-04
70 60 2.9205e-02 0.966 2.9197e-02 0.962 8.2511e-06 4.420

140 120 1.4776e-02 0.983 1.4776e-02 0.983 4.2044e-07 4.295
280 240 7.4317e-03 0.991 7.4317e-03 0.991 1.5360e-08 4.775
560 480 3.7268e-03 0.996 3.7268e-03 0.996 8.8711e-10 4.114

1120 960 1.8661e-03 0.998 1.8661e-03 0.998 -3.2131e-11 4.787
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Table 92. Test: IC1 - Q̃7 - FS1 R1 - AS3 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.7057e-02 5.5708e-02 1.3491e-03
70 60 2.9205e-02 0.966 2.8931e-02 0.945 2.7400e-04 2.300

140 120 1.4776e-02 0.983 1.4719e-02 0.975 5.6800e-05 2.270
280 240 7.4317e-03 0.991 7.4202e-03 0.988 1.1552e-05 2.298
560 480 3.7268e-03 0.996 3.7246e-03 0.994 2.2411e-06 2.366

1120 960 1.8661e-03 0.998 1.8657e-03 0.997 3.9960e-07 2.488

Table 93. Test: IC1 - Q̃7 - FS2 R2 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.9847e-04 5.6566e-04 3.2808e-05
70 60 7.3022e-05 3.035 7.1333e-05 2.987 1.6888e-06 4.280

140 120 9.0703e-06 3.009 8.9541e-06 2.994 1.1628e-07 3.860
280 240 1.1332e-06 3.001 1.1216e-06 2.997 1.1552e-08 3.331
560 480 1.4087e-07 3.008 1.4036e-07 2.998 5.0970e-10 4.502

1120 960 1.7517e-08 3.007 1.7554e-08 2.999 -3.6883e-11 3.789

Table 94. Test: IC1 - Q̃7 - FS2 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.9847e-04 5.7067e-04 2.7804e-05
70 60 7.3022e-05 3.035 7.2502e-05 2.977 5.1956e-07 5.742

140 120 9.0703e-06 3.009 9.0538e-06 3.001 1.6536e-08 4.974
280 240 1.1332e-06 3.001 1.1287e-06 3.004 4.4908e-09 1.881
560 480 1.4087e-07 3.008 1.4082e-07 3.003 4.2591e-11 6.720

1120 960 1.7517e-08 3.007 1.7584e-08 3.002 -6.6952e-11 -0.653

Table 95. Test: IC1 - Q̃7 - FS2 R2 - AS3 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 5.9847e-04 5.5634e-04 4.2135e-05
70 60 7.3022e-05 3.035 7.1709e-05 2.956 1.3129e-06 5.004

140 120 9.0703e-06 3.009 9.0122e-06 2.992 5.8161e-08 4.497
280 240 1.1332e-06 3.001 1.1266e-06 3.000 6.6172e-09 3.136
560 480 1.4087e-07 3.008 1.4072e-07 3.001 1.4711e-10 5.491

1120 960 1.7517e-08 3.007 1.7579e-08 3.001 -6.2178e-11 1.242
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Table 96. Test: IC1 - Q̃7 - FS3 R2 - AS1 R1

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 1.6222e-03 2.4244e-03 -8.0217e-04
70 60 2.4562e-04 2.723 3.8487e-04 2.655 -1.3925e-04 2.526

140 120 3.7873e-05 2.697 6.4018e-05 2.588 -2.6146e-05 2.413
280 240 6.2361e-06 2.602 1.0855e-05 2.560 -4.6193e-06 2.501
560 480 1.1323e-06 2.461 1.8990e-06 2.515 -7.6670e-07 2.591

1120 960 2.3084e-07 2.294 3.4806e-07 2.448 -1.1722e-07 2.709

Table 97. Test: IC1 - Q̃7 - FS3 R2 - AS2 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 1.6222e-03 1.4789e-03 1.4329e-04
70 60 2.4562e-04 2.723 2.5115e-04 2.558 -5.5294e-06 4.696

140 120 3.7873e-05 2.697 3.9053e-05 2.685 -1.1801e-06 2.228
280 240 6.2361e-06 2.602 6.4481e-06 2.598 -2.1193e-07 2.477
560 480 1.1323e-06 2.461 1.1477e-06 2.490 -1.5431e-08 3.780

1120 960 2.3084e-07 2.294 2.3001e-07 2.319 8.2722e-10 4.221

Table 98. Test: IC1 - Q̃7 - FS3 R2 - AS3 R2

Time steps Cells eM(ũ) Rate ẽM(ũ, φ̃) Rate acc(ũ, φ̃) Rate
35 30 1.6222e-03 1.7400e-03 -1.1781e-04
70 60 2.4562e-04 2.723 2.9345e-04 2.568 -4.7830e-05 1.300

140 120 3.7873e-05 2.697 4.7192e-05 2.636 -9.3192e-06 2.360
280 240 6.2361e-06 2.602 7.8519e-06 2.587 -1.6158e-06 2.528
560 480 1.1323e-06 2.461 1.3411e-06 2.550 -2.0882e-07 2.952

1120 960 2.3084e-07 2.294 2.5059e-07 2.420 -1.9753e-08 3.402

5. Conclusions and future work

Numerous tests support the claims of Theorem 3.1, i.e. the rate of convergence
of the computable error estimate to the true error in a quantity of interest may be
predicted to some minimum order when the solution to the linear advection problem
3.1 and the associated adjoint problem (3.11) have smooth solutions. The results
also show the theory to be overly pessimistic in many cases. However, the theory
shows that if the goal is to reliably estimate the error in quantities of interest, there
are only two cases to consider when the solutions are smooth.

The first case is when the true error in a quantity of interest converges at the
standard rate associated with the forward solver method. In this case only a first
order accurate adjoint solver is required to guarantee that the effectivity index
(Section 4.1.2) converges to 1. This is desirable in the absence of a computable
upper bound for the error.

The second case is due to the fact that superconvergence is sometimes observed
for the true error. This needs to be accounted for when estimating the adjoint
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variable, since the error cancellation does not necessarily carry through to improve
the accuracy of the computable error estimate. Therefore a higher order adjoint
solver may be needed to guarantee that the effectivity index converges to 1 in this
second case.

The numerical tests suggest that when the forward solver involves limiters, the
superconvergence property for the true error does not occur. In this case a first
order adjoint solver is sufficient (again, with smooth solutions) to guarantee the
accuracy of the computable error estimate is higher order than the convergence
rate of the true error. Thus if the theory were extended to accomodate shocks, it
is likely that the superconvergence issue would not impact real applications, where
limited schemes would be used.

The theory does not hold when discontinuities are present in either the forward
or adjoint solutions. Indeed, the derivation of the computable error estimate does
not make sense in this case. The computations show that the adjoint error esti-
mation technique in this report will not be reliable in this context until the theory
is extended, and in particular a computable error estimate is derived with guar-
anteed asymptotic properties in the presence of discontinuities. In practice, more
sophisticated methods of reconstruction may be necessary than those presented in
this report to properly treat shocks. A recent example of such an idea is provided
in [23].

We have studied an approach to calculate the average of the solution over a
patch using a discontinuous step function and a smoother approximation of the step
function, for which some asymptotic results should hold. The results have shown
that the improvement in the accuracy of the computable error estimate using the
approximate step function is outweighed by the error committed in making the
approximation of the step function. The sharp transition was still not adequately
resolved and generally the error using the exact step function was reasonably small
in the first place, though the accuracy of the error estimate was not always very
good. This problem may be more clearly resolved using some adaptive mesh routine.

It would be useful to characterize precisely when the ratio of the computable error
estimate to the true error converges to 1, which cannot currently be predicted.
It is possible this type of result could only be proved for certain quantities of
interest. For example, if the quantity of interest is evaluation at a point, there is
no reason to believe there is a relationship between this local error and the global
error that determines the accuracy of the computable error estimate. Thus the
ratio of the two could behave unpredictably. However, a more likely quantity of
interest for applications like an average over a patch or Fourier coefficient may
exhibit a convergence rate approximately the same as for the global error in the
forward solution. It seems more likely this will not be possible without developing a
different computable estimate of the error, in particular one that bounds the error
above.

References

[1] Ainsworth, M. and Oden, J. T., A posteriori error estimation in finite element analysis,
Comput. Methods Appl. Mech. Engrg., Vol. 142, 1997, pp. 1-88.

[2] Atkinson, K. E., An Introduction to Numerical Analysis, Second edition, John Wiley and
Sons, 1988.

[3] Barter, G.E., Shock capturing with PDE-based artificial viscosity for an adaptive, higher-
order discontinuous Galerkin finite element method, PhD Thesis at MIT, 2008.



62 J. M. CONNORS, J. W. BANKS, J. A. HITTINGER, AND C. S. WOODWARD

[4] Barth, T.J., A posteriori error estimation and mesh adaptivity for finite volume and finite
element methods, Adaptive Mesh Refinement-Theory and Applications, Lecture Notes in
CSE, Vol. 41, part II, 2005, pp. 183-202.

[5] Barth, T.J., Space-Time Error Representation and Estimation in Navier-Stokes Calculations,
Complex Effects in LES, Vol. 56, 2007, pp. 29-48.

[6] Barth, T. J. and Larson, M. G., A Posteriori Error Estimates for Higher Order Godunov
Finite Volume Methods on Unstructured Meshes, NASA Tech. Rept. NAS-02-001, 2002.

[7] Bensow, R.E. and Larson, M.G., Residual based VMS subgrid modeling for vortex flows,
Computer Methods in Applied Mech. and Engr., Vol. 199, No 13-16, 2010, pp. 802-809.

[8] Cockburn, B., Lin, S. -Y. and Shu, C. -W., TVB Runge-Kutta Local Projection Discontinuous
Galerkin Finite Element Method for Conservation Laws III: One Dimensional Systems, Jour.
of Comp. Phys., Vol. 84, No. 1, 1989, pp. 90-113.

[9] Cockburn, B. and Shu, C. -W., The Runge-Kutta Discontinuous Galerkin Method for Con-
servation Laws V: Multidimensional Systems, Jour. of Comp. Phys., Vol. 141, No. 2, 1998,
pp. 199-224.

[10] Estep, D., Pernice, M., Pham, D., Tavener, S. and Wang, H., A posteriori error analysis of a
cell-centered finite volume method for semilinear elliptic problems, Journal of Computational
and Applied Mathematics, Vol. 233, No. 2, 2009, pp. 459-472.

[11] Fidkowski, K.J. and Darmofal, D.L., A triangular cut-cell adaptive method for high-order
discretizations of the compressible Navier-Stokes equations, JCP, Vol. 225, No. 2, 2007, pp.
1653-1672.

[12] Fidkowski, K.J. and Darmofal, D.L., Output-based error estimation and mesh adaptation in
computational fluid dynamics: overview and recent results, Proceedings of the 47th AIAA
Aerospace Sciences Meeting, 2009.

[13] Fidkowski, K.J. and Roe, P.L., An entropy adjoint approach to mesh refinement, SIAM J.
Sci. Comp., 2010.
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